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Abstract 

We consider the abstract initial value problem for the system of evolution equations 
which describe motion of micropolar fluids with heat conduction in a bounded domain. 
This problem has uniquely a mild solution locally in time for general initial data, and 
globally in time for small initial data. Moreover, a mild solution of this problem can 
be a strong or classical solution under appropriate assumptions for initial data. We 
prove the above properties by the theory of analytic semigroups on Banach spaces. 

1 Introduction 

Let be a bounded domain in with its C^'^-boundary d^l. Motion of micropolar fluids 
with heat conduction in is described by the system of eight equations as follows: 

divii = inr^x(0,r), 
p{dt + {u ■ V)}u = 2nrrotuj + pf{e) -Vp+{n + //,.)An in n x (0, T), 

p{dt + {u ■ V)}a; = —Apr^ + 2fir^otu + pg{9) + (ca + Cd)A.uj + (cq + q — Ca)Vdiva; in $7 x (0, T), 
pc^{dt + {u ■ V)}e = <^{u;uj) + kAO inQx (0,r), 

(1.1) 

where u = {ui,U2,us) is the fluid velocity, uj = (wi, cj2i f^s) is the angular velocity, p 
is the pressure, 6 is the absolute temperature, p is the density, p is the coefficient of 
viscosity, pr is the coefficient of microrotation viscosity, cq, Cq and Cd are coefficients of 
angular viscosity, k is the coefficient of heat conductivity, is the specific heat at constant 
volume, / = (/i,/2,/3) and g = (01,92,93) are external force fields affected by 6, ^{u;uj) 
is the viscous dissipation function defined as 

<^{u;uj) = ^{u,u;uj,uj), <^{u,v;u,ij) = <^i{u,v)+^2{u,v;u},7p)+^3{uj,ij)+<^4{.uj,ijj)+^5{uj,ip), 
$i(u, v) = 2pD{u) : D{v), D{u) = ^(Vu+(V-u)'^), ^2{u, v; uj, ijj) = Apr ^lotu - u?j Qrotw - ij^j 
$3(w,V') = co(divtj)(div^), ^>4(w,V') = {ca+Cd)Vuj : V^j, «>5(w,V') = {cd-Ca)Vuj : {Vip f , 
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(Vn)"^ and (Vtp)'^ are transposed matrices of Vn and Vip respectively. These equations 
correspond to the law of conservation of mass, momentum, angular momentum and energy 
respectively. Moreover, it is required that p, /i, fir, cq, Ca, Cd, n and Cy are positive 
constants, cq + Cd > Ca- See, for example, [TTl[13l[15] on conservation laws of fluid motion 
and the derivation of the above equations. 

Micropolar fluids belong to a kind of viscous fluids with the asymmetric stress ten- 
sor. The law of conservation of angular momentum must be taken into account due to 
asymmetry of the stress tensor. It is quite natural from the continuum mechanical point 
of view that (1.1) can be regarded as a generalization of the Navier-Stokes equations of 
heat-conductive fluids. If cj, g, fir, cq, Ca are Cd are formally taken as zeros, then the 
Navier-Stokes equations of heat-conductive fluids are deduced from (1.1). We can uti- 
lize micropolar fluid mechanics to consider physical phenomena with the micro structure. 
More precisely, micropolar fluid mechanics is valid for motion of viscous fluids consisting 
of rigid and randomly oriented (or spherical) particles in the case where deformation of 
particles can be neglected. Some problems related to (1.1) have been studied in recent 
years. Lukaszewicz [12] treated the initial-boundary value problem for the Navier-Stokes 
equations of micropolar fluids in L'^{0,) x (L'^(Q))^, where La{0,) (1 < p < oo) is the closed 
subspace of (L^(0))^ defined as in section 2. Moreover, Yamaguchi [T6| considered the 
existence and uniqueness of global solutions of the initial-boundary value problem for the 
Navier-Stokes equations of micropolar fluids in L^{^) x (L^(Q))^. Kagei and Skowron |9j 
discussed the existence and uniqueness of solutions of the initial-boundary value problem 
for (1.1) in Ll{n) X {L'^{n)f x L'^{n). 

The main purpose of this paper is to discuss the existence, uniqueness and regularity of 
solutions of the initial-boundary value problem for (1.1) with the following initial-boundary 
data: 

u\t=o = uo in r2, 

u\dQ = ondnx{0,T), 

uj\t=o = ujo in ft, 

uj\q^ = ondnx (o,r), 

0\t=o = Oo in n, 

9\an = es ondnx{0,T), 

where Os is the surface temperature on dfl assumed to be a nonnegative constant. As 
is mentioned in [21 El El [10] , the abstract initial value problem for (1.1), (1.2) in Banach 
spaces is a strong method of analyzing (1.1), (1.2) with initial data {uo,ujo, Oq) in La{Cl) x 
(L'^(il))^ X (l<p<oo, 1 < q < oo, 1 < r < oo). It is explained in section 2 

that we can transform (1.1), (1.2) into the following abstract initial value problem for the 
system of evolution equations: 

dtu + ApU = F{u,uj,9) in(0,T), 

dtOJ + TqUJ = G{u,uj,6) in(0,T), 

dtO + BrO = H{u,uj,e) in(0,r), 
ii(0) = Uq, 
w(0) = Wo, 
^(0) = ^0, 
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where Ap, Tq and Br are sectorial operators in La{^), (L^(r2))^ and L'^{Q) respectively, 
F(u,uj,9), G{u,u},6) and H{u,uj,6) are nonlinear terms corresponding to (1-1)2, (1-1)3 
and (1-1)4 respectively. It is well known in ^ Chapter 3], |14t Chapter 6] that we can 
consider not only strong solutions but also mild solutions of (1-1), (1-2)- 

It is proved in this paper that (1-1), (1-2) has uniquely a mild solution locally in time for 
general initial data, and globally in time for small initial data- Moreover, a mild solution 
of this problem can be a strong or classical solution under appropriate assumptions for 
initial data- By following the argument based on [21 [6l [U [10], first of all, the existence 
of local mild solutions follows from the successive approximation method. Second, not 
only the existence of global mild solutions but also the asymptotic behavior of global mild 
solutions are obtained by global a priori estimates for mild solutions of (1.1), (1.2). 

This paper is organized as follows: In section 2, we define basic notation used in this 
paper and a strong and mild solution of (1.1), (1.2), and state our main results and some 
lemmas for them. We prove the existence and uniqueness of mild solutions of (1.1), (1.2) 
in section 3. The regularity of mild solutions of (1.1), (1.2) is discussed in sections 4 and 
5. 

2 Preliminaries and main results 
2.1 Function spaces 

Function spaces and basic notation which we use throughout this paper are introduced 
as follows: The norm in L''(Q) (1 < s < oo) and the norm in T^'^'*(Q) (the Sobolev 
space, k ^ Z, k > 0) are denoted by || • ||s and || • \\k,s respectively, W^'^{^) = L^{Q), 
II ■ ||o,s = II ■ lis- Co°(^) is the set of all functions which are infinitely differentiable and have 
compact support in Q. W(^'*(r2) is the completion of C^{^) in W^'^{i}). Let us introduce 
solenoidal function spaces. C^^{i}) := {u G {C^{i}))^ ; divit = 0}. L^{^1) {1 < p < oo) 
is the completion of C^„(0) in {LP{n)Y. It fohows from [3l Theorem 2] that {LP{n)f is 
decomposed into {LP{n)f = Ll{il) ® Ll{n) , where Ll{il) = {Vp ; p £ W^^P{n)}. Let Pp 
be the projection of iLP{q)f onto C^'\Q) {0 < 6 < 1) is the Holder space defined 

as in [D 1.26-1.29], C'='°(0) = C'=(Q), = C(ll). 

Let / be an interval in M, X be a Banach space. C{I;X) is the set of all X- valued 
functions which are continuous in I. C^{I;X) (A; € Z, A; > 0) is the set of all X- valued 
function which are continuously differentiable up to the order k in /, C^{I; X) = C{I; X). 
In the case where / is a bounded closed interval in R, C^'^{I]X) (0 < (5 < 1) is the set of 
all X-valued function which are uniformly Holder continuous with the exponent 6 on /. 
If / is not bounded or closed, u G C^'^{r,X) means that u G C^'^ [Ii] X) for any bounded 
closed interval Ii contained in /. C^'^{I;X) is the set of all X-valued functions u which 
u G C*^(/;X) and G C°^\l;X), C^'\l;X) = C'=(/;X). 

Cfe(M;M^) is the set of all M^-valued functions which are bounded continuous in M. 
C'^(]R;M^) (A; G Z, A: > 0) is the set of all M^-valued functions which are continuously 
differentiable up to the order k in M, C°(M;M3) = C(M;M3). C°'HM;M3) is the set of all 
M^-valued functions which are uniformly Lipschitz continuous in M. 
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2.2 Strongly elliptic operators 

For the sake of simphcity, we assume that p = 1, + = 1, cq = 1/2, Ca = 1/4, = 3/4, 
K = 1, Cy = 1 and 6s = throughout this paper. Let us introduce three linear operators 
Ap (1 < p < oo), Tq {1 < q < oo) and Br {1 < r < oo) which appeared in (I). Tq is the 
strongly elliptic operator in {L'^{Q,)Y with the zero Dirichlet boundary condition defined 
as Tq = -A- Vdiv, ^(r,) = {W^'i{n)f n {WQ''^{n)f, where D{Tq) is the domain of Tq. 
Br is the Laplace operator in L'^(i}) with the same boundary condition as above defined 
as Br = -A, D{Br) = W^^''{n)nWQ'''{n). We introduce the Stokes operator Ap in Lg(0) 
by Ap = -PpA, D{Ap) = {D{Bp)f n L^ln). It is well known in Theorems 2.5.2 and 
7.3.6], [U Theorem 1] that Tq, Br and Ap are sectorial operators in {L''{Q))^, L^{Q) and 
La{^) respectively. Therefore, —Tq generates an uniformly bounded analytic semigroup 
{e"*^«}t>o on fractional powers Tq of r„ can be defined for any (3 > 0, T^ = Iq, 

where Iq is the identity operator in {L'^{Q))^. Similarly to Tq, an uniformly bounded 
analytic semigroup {e~^^^}t>o ({e~*"^''}t>o) on L''"{ft) (L§(il)) is generated, fractional 
powers Br (Ap) of Br (Ap) are defined for any 7 > (a > 0). Moreover, it follows 
from Theorem 3] that D{A^) is characterized as D{A^) = n Lg(0) for any 

< a < 1. Let us introduce Banach spaces derived from A^, T^ and B^ . X^, and Z^. 
are defined as D{A^), D{Tq) and D{Br) with the norm || • \\x^ = \\Ap ■ \\p, \\ ■ Wyp = \\Tq ■ \\q 

and II • 11^7 = \\Br ■ \\r respectively. Ai is the first eigenvalue of the Laplace operator with 
the zero Dirichlet boundary condition. 

We state some lemmas concerning sectorial operators in Banach spaces. See, for ex- 
ample, [3 Chapter 1], [131 Chapter 2] on the theory of analytic semigroups on Banach 
spaces and fractional powers of sectorial operators. 

Lemma 2.1. Let 1 < p < 00, 1 < q < 00, l<r<oo, a>0, /3>0, 7>0, 0<A<Ai. 
Then 

\\A'^e-''''^u\\p < CA„a,xt-''e-^'\\u\\p, (2.1) 

||rje-*r'a;||, < Cr^/^.A*" V^1a;||„ (2.2) 

\\B7e-'^^e\\r < CBr,^,xt-^e-^'\\e\\r (2.3) 

for any u e L^(ri), uj € {L'i{Q)Y, 6 G L''{Q), where CAp,a,x, C'r^./^.A and CBr,-y,x are 
positive constants. 

Proof. It is [7;, Theorem 1.4.3]. □ 

Lemma 2.2. Zeil<p<(X), l<g'<oo, l<r<oO;0<Q<l, 0</3<l;0<7<l. 
Then 

||(e-*^P - Ip)u\\p < CA^at'^lMx^, (2.4) 
||(e-*r. - lg)u;\\q < Cr^^^t^\\u;\\y0, (2.5) 
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Wie-'""^ -Ir)e\\r<CB,.,,t^\\e\\z-^ (2.6) 

for any u G , uj G Yq , 9 € Zr, where CAp,a, C'r,,^ an-d CBr,-y cLre positive constants. 

Proof. It is [7, Theorem 1.4.3]. □ 

Lemma 2.3. Leil<p<oo, l<q'<cx3, l<r<oo, 0<q<1, 0</3<l, 0<7<1. 
Then 

||e"*^''u||x- = o(t"'') as t +0, (2.7) 

1 1 e"*^" (J 1 1 ^,8 = o{t~^) as t +0, (2.8) 

\\e~^^"0\\z? = oit"^) as t ^ +0 (2.9) 
for any u G Ll{^), uj € (L«(f]))3, 9 G L''(f]). 

Proof. It is [7, Exercise 1.4.10]. □ 

Lemma 2.4. Zeil<p<oo, l<i7<oo, l<r<oO;0<Q<l, 0</3<l, 0<7<1. 
Then 

X" (t^'='^(r?))3 if - - < - < -, (2.10) 

^ p 3 s p 

yP ^ {W^^%^)f if i - < - < (2.11) 

^ g 3 s g 

^ W^^\n) if - - < - < (2.12) 

r 3 s r 

where ^ is t/ie continuous inclusion. 

Proof. It is [7j Theorem 1.6.1]. □ 
2.3 Abstract initial value problem for (1.1), (1.2) 

Let 1 < p < oo, 1 < g < oo, 1 < r < oo, < ao < 1, < /3o < 1, < 70 < 1, -uo G , 
Wo € 5^/°, 6*0 £ ^r°- Then we apply Pp to (1.1)2, and get the following abstract initial 
value problem: 

dtu + ApU = F{u,uj,9) in(0,T], 

dtuj + TqUJ = G{u,uj,9) in(0,T], 

dt9 + Br9 = H{u,uj,9) in (0,r], 
u{0) = Uq, 
uj{0) = Wo, 
^(0) = 9o, 
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where 

F{u,LO,0) := -Pp{u ■ V)u + 2nrPpmtuj + Ppf{e), 

G{u,uj, 6) := —{u- V)w — A^r^ + + g{9), 

H{u, Lo, e) := -(u • V)e + w). 

In order to solve (I), first of all, we shall find a solution satisfying the following abstract 
integral equations related to (I): 

Jo 

oj{t) = e-^^<^ujQ+ f e-^^-'^^^G{u,co,e){s)ds, (II) 
Jo 

e{t) = e-*^^eo+ f e-^^-'^^'^H{u,u,e){s)ds 
Jo 

for any < i < T. Let us introduce a strong and mild solution of (1.1), (1-2) defined on 
[0, r]. A strong and mild solution of (1.1), (1.2) defined on [0, oo) is similarly defined. 

Definition 2.1. {u,io,9) is called a strong solution of (1.1), (1.2) if it satisfies 
u G C([0,r];X;°) nC((0,T];Xi), dtu G C((0, T]; L^(J^)), 

u; G C([0,r];Xf'') nC((0,r];F^i), dtco G C((0, T]; (L«(fi))3), 

9 G C7([0,r];Z;'») nC((0,r];Z,i), dtO G C((0,T];L'-(Q)) 
and (I). 

Definition 2.2. {u,uj,9) is called a mild solution of (1.1), (1.2) if it satisfies 
ueC{[Q,T];X^°), 

ueC{[0,T]:Yf"), 
9 G C7([0,T];Z7») 
and (II). 

2.4 Main results 

We will state our main results in this subsection. It is essential for our main results to be 
assumed that / G C°'^(M;M^) with the Lipschitz constant L/, /(O) = 0, g e C°'^(R;R^) 
with the Lipschitz constant Lg, g(0) = 0, p, q, r, ao, Po and 70 satisfy the following 
inequalities: 



1 < p < 00, l<g<oo, l<r<oo, 



1 

P ^ (2.13) 
111112111112 ^ ^ 

p 2r 3'r p 3' q 2r 3'r q 3' 
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maxjo, ^ - ^1 < ao < 1, < /So < 1, < 70 < 1, 

3/1 1\ 1 
"0 -Po - o < o> 
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«o-|-^Q-^)>0, -l<ao-7o-:,(^-^)<l, 

. 70 3 /1 1 
" Y " 2 U " ^ 

The first purpose of tliis paper is to discuss tlie existence and uniqueness of mild solutions 
of (1.1), (1.2). We shall prove the following theorems: 



Theorem 2.1. Let f G C°'^(M;M3) with the Lipschitz constant Lf, /(O) = 0, g e 
C°'-'^(R;R^) with the Lipschitz constant Lg, g{0) = 0, p, q, r, uq, /3o and 70 satisfy (2.13), 
(2.14), uq € , ^0 € , ^0 £ Zr°. Then there exists a positive constant < T 
depending only on fi, p, q, r, a^, /3o, 7o; uq, ujq, 6q, fir, Lf, Lg and T such that (1.1), 
(1.2) has uniquely a mild solution {u,u},9) on [0,T*] satisfying 

(i) r-°^.GC([o,r,];Xp"), 

t^-^°a;eC([o,r,];y/), 

t7-7o^ g C([0,r,];Z7), 

hmx^ < Cr°-«(||7.o|| + ||a;o||^^o + ll^olU^o), (2.15) 
Mt)\\yp < Ct^°-^(||no||v«o + ||a;o||^^o + ll^olU^o), (2.16) 

ll^Wb? < CtT°-^(||«o|lx«o + ll^oll^^/^o + ll^ollz^o) (2.17) 

for any oiq < a < 1, I3q < fi < 1, '^q < < 1, Q < t <T^,, where C is a positive constant 
independent of u, oj, 9 andt. 

(ii) \\u{t)\\x^ = o(t"°-") as t ^ +0, (2.18) 

\\uj{t)\\YP = o{t^°-^) as t +0, (2.19) 

\m)\\z? = oit^"-^) ast^+0 (2.20) 
for any ao < a < 1, /3o < /3 < 1, 70 < 7 < 1. 

Theorem 2.2. Let / G (7°'^(M; M''^) mt/i t/ie Lipschitz constant Lf, /(O) = 0, 5 G 
C'^'-^(R;R^) with the Lipschitz constant Lg, g(0) = 0, p, q, r, uq, Pq and 70 satisfy (2.13), 
(2.14), uq G ooq G l^g'^", ^0 € .^7"; < A < Ai. T/ien there exist positive constants ei 
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and £2 depending only on fi, p, q, r, oq, j3o, 70, Lf, Lg and A such that (1.1), (1-2) has 
uniquely a mild solution {u,uj,9) on [0, 00) satisfying 

(i) mm{t, l}'*-'*Oe^*u G Cb{[0, 00); X^), 

mm{t, l}^-^°e^*a; G ^([0, ^); if), 
min{i, 1}T-Toe^*0 € C6([0, 00); Z^), 

\\u{t)\\x^ < Cmm{i,l}"o-"e-^*(||«o|lx;o + ||u;o||^^.o + ll^olU^o), (2.21) 

Mt)\\y^ < Cmm{t,l}f'°-f'e-^\\\uo\\x^o + \\uo\\y,o + PolU;o), (2.22) 

\\e{t)\\z^^ < Cmin{t, ir«-Te-^*(||no|U«o + |!a;o||yA, + 11^011^7°) (2-23) 

for any < a < 1, I3q < j3 < 1, '^q < ^ < 1, t > 0, where C is a positive constant 
independent of u, uj, 9 and t provided that 

Hr < ei, 

\\uo\\x"o + ll'^olL/30 + \\0o\\z7° ^ ^2. 

The second purpose of this paper is to study the regularity of mild solutions of (1.1), 
(1.2). As for the regularity of {dtu, dtuj, dt9), it will be required that p, q, r, oq, Pq and 70 
satisfy the following inequalities: 

ao>3(---^), /3o>max|;^- J,3f---^U, 70 > - ^ (2.24) 



p 2r J [2p 2' \q 2r J } ' 2p 2 

3 /I 1 1\ ^ 3/111 

ao>-(- + ,/?o>T^ - + 

2 \p q r J 2 \p q r 

3 /I i\ 1 ^ 3 /I r 

2\p qj 2 2\q pj 2 

Po-ao> --, /3o - 70 > 

2ao-/3o>ma.{A_l,3(i-l)},2ao-7o>^-^, (2.25) 

2/3o-ao>3Q-l 

ao + ^o-7o>^-^, ao-/3o + 7o>^-^, 

3 /I 1\ ^ 3/1 1\ 

-l<ao-7o-2(---J<l, -l</3o-7o-2(---)<l. 

We shall prove the following theorems: 
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Theorem 2.3. // a mild solution {u,u,9) of (1.1), (1.2) in Theorem 2.1 is defined on 
[0,r], then {u,uj,0) is a strong solution of (1.1), (1.2) on [0,T] satisfying 

(i) u e C°'°((0,r];Xi), dtu e C°'"((0,r];L^(J^)), 

u G CO'^((0,T];y;), dtoj G C0'^((0,T];(L«(f)))3), 
9 e C70'^((0,r];Zi), G C70'^((0,r];L-(J^)) 
/or some 0<a<l, 0</3<l, 0<7<1, 

lk(i)llxi < Ct"°-i(||no|U«o + ||a;o||y^^o + ll^ollz™), (2.26) 

||a;(t)||y^i < Ci'^^-^dl^ollx^o + llu^oll^^^o + ll^ollz^o), (2.27) 

||^(t)|Ui < Ct'y'^-WluoWx^o + ||a;o||^^.o + ll^ollz^o) (2-28) 
for any < t <T, where C is a positive constant independent of u, uj, 9 and t. 

(ii) u G C°'°((0,r];X^), dtu G CO'"((0,T];Xp"), 

a; G CO''^((0,T];F^i), d^o; G C0'^((0, T]; y/), 
9 G C°'^((0,r];Z^i), G C°'^((0,r];Z7) 

/or any 0<q;<1, 0</3<l, 0<7<1, 0<a<l, 0<^<1, 0<7<1, 0<a< 1-a, 
0</3<l — /3, 0<7<1 — 7 provided that p, q, r, ao, /3o a'^^^ 7o satisfy (2.24). 

(iii) \\dtu{t)\\x^ < Ct'^'>-'^-\\\uo\\x^o + \\u;o\\y,o + ll^ollz^o), (2.29) 
WdMrnri < Ct^°-^-\\\uo\\x^o + \\u;o\\y,o + IMz^^o), (2.30) 

\\dt9mz. < Ct-r^-^-HhoWx-o + ll'^oll^^^/^o + ll^olU^o) (2.31) 

for any Q<a<l, 0<P<1, 0<j<l, Q<t<T, where C is a positive constant 
independent of u, uj, 9 and t provided that p, q, r, ao, /3o 0,'f'd 7o satisfy (2.24), (2.25). 

Theorem 2.4. Let (n, a;, 9) he a mild solution o/(l.l), (1.2) on [0, oo) satisfying continuity 
properties and estimates (2.21)-(2.23) in Theorem 2.2. Then {u,uj,9) is a strong solution 
o/(l.l), (1.2) on [0, cxd) satisfying 

(i) u G C°'°((0,oo);Xpi), dtu G C'^'^((0, oo); L^(J^)), 

u G C°'^((0,oo);i;/), G C°''^((0,oo);(L«(J]))3), 
G C°'^((0, oo); Z^), dt^ G C°'^((0, oo); L^(0)) 
/or some 0<a<l, 0</3<l, 0<7<1, 

||n(t)||xi < Cmin{i,ir-ie-^*(||t.o|lx7 + llo^oH^/^o + H^oHz^o), (2.32) 
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Mmv^^ < Cmin{i,l}^o-ie-^*(||uo|lx,"o + IMly^o + ll^olU^o), (2.33) 

\\e{t)\\z. < Cmin{t, lF°-ie-^*(||«o|lx;o + \\u;o\\y,o + ll^ollz^o) (2-34) 
for any t > 0, where C is a positive constant independent of u, u, 6 and t. 

(ii) u e CO'"((0,oo);Xi), dtu e CO'"((0,oo);X;), 

u; e C^'^{{0,oo)-Yl), dtoo G C70'^((0, oo); F/), 
e e C°'^((0, oo); Z^), dtO e C°'^((0, oo); Z^) 

/or any < a < 1, < /3 < 1, < 7 < 1, < a < 1, < ^ < 1, < 7 < 1, < a < 1-a, 
0</3<l — /3, 0<7<1 — 7 provided that p, q, r, ao, /3o O'^d 70 satisfy (2.24). 

(iii) \\dtu(t)\\x^ < Crmn{t,ir>-'''^e-^\\\uo\\x^o + \\u;o\\y,o + ll^olb^o), (2.35) 

\\dMt)\\y, < Cmm{t, lf'^-^-'e-''\\\uo\\x^o + WcooW^,, + H^oHz^o), (2.36) 

\\dte{t)\\z;, < Cmm{t, lyo-y-i^-xt^^^^^^^^^^ ^ ||^^|,^^^^ ^ H^^H^^^^) (2.37) 

for any 0<q;<1, 0</3<l, 0<7<1, t>0, where C is a positive constant independent 
ofu, oj, 9 and t provided that p, q, r, ckq; f^o and satisfy (2.24), (2.25). 

Some detailed considerations admit that a strong solution of (1.1), (1-2) with initial 
data {uq,ujq,9q) G L^{^) x (L'J(r2))^ x U{Vl) can be grasped in the classical sense. Let p, 
q = p and r satisfy the following inequalities: 

3<p<oo, 3<r<oo, - -:^<0, - -- <|. (2.38) 

p 2r r p 6 

Then we can take cio, and 70 in (2.13), (2.14), (2.24), (2.25) as zeros. It is derived from 
Theorems 2.3 and 2.4 that we obtain the following corollaries: 



Corollary 2.1. Let f G CO'nM;M=^) n C1(R;M3)^ /(q) = 0, 5 G C0'HM;M3) n C^M;] 
g{Q) = 0, p, q = p and r satisfy (2.38), uq G Ll{n), ujq G {LP{Q)f, Bq G Then a 

strong solution {u,uj,9) of (1.1), (1.2) in Theorem 2.3 is a classical solution of {1.1), (1.2) 
in (0, T] satisfying 

u G C°'"((0,r];(C2'"(n))3), dtU G C°'"((0,T];((7^'"(n))3), 

uj G C°'^((0,T];(C2'^(O))3), d^w G C°''^((0,r];(Ci'''(O))-^), 

9 G C70'^((0,T];C72'T(n)), G C°'^((0, T]; Ci'^(Q)) 

/or any < d < 1/2, < ^ < 1/2, < 7 < 1/2, < a < 1 - 3/p, < /3 < 1 - 3/p, 
< 7 < 1 - 3/r and /or some 0<a<l, 0</3<l, 0<7<1. 
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Corollary 2.2. Let f € C°'i(M; M^) n Ci(]R; M^), /(O) = 0, g £ C^'\R;R^) n C1(M;M3)^ 
g{0) = 0, p, q = p and r satisfy (2.38), uo G ^jq G {LP{n)f, E L'"(J^). T/ien a 

strong solution (u,uj,6) o/(1.1), (1.2) in Theorem 2.4 is a classical solution of (1.1), (1.2) 
in (0, cx)) satisfying 

u G C0'<^((0, oo); (C2'"(n))3), dtu € C70-"((0, oo); (Ci-"(n))3), 

^ G C°'^((0,oo);(C72./^(n))3), diu; G ^"'/^((O, oo); (Ci'^(n))3), 

9 G C7°'^((0, oo); ^^'^(n)), dtO G C°'^((0, oo); C7i'T(n)) 

/or any < a < 1/2, < /3 < 1/2, < 7 < 1/2, < a < 1 - 3/p, < /3 < 1 - 3/j9, 
< 7 < 1 - 3/r anrf /or some 0<a<l, 0</3<l, 0<7<1. 

Remark 2.1. It can be easily seen from |14| Theorem 7.3.6], \n\ Theorem 1.3] that our 
main results are still valid, instead of (1.2), for the following initial-boundary data: 



u\t=Q = uq in i}, 

Uiy\dn = ondftx (0,r), 
K{T{u,p)u)r + {I - K)ur\dn = ondflx (0,r), 

uj\t=o = ojQ in 

oj\dn = ondnx{0,T), 

6\t=o = Oo in n, 

e\an = Os or nd^e + n,e\dn = ondnx (0, T), 



where ly is the outward unit normal vector on dil, Uy := v ■ u, Ur ■= u — UyV, T{u,p) is 
the Cauchy stress tensor defined as 

T{u,p) = -ph + 2fiD{u), 

I3 is the third identity matrix, < -ftT < 1 is a constant. Kg is a positive constant. Moreover, 
it is useful to remark that {T{u,p)v)r = T{u,p)v — {v ■ T{u,p)v)v = 2^{D{u)v)t-- 

2.5 X {L'^Y X L^-estimates for linear and nonlinear terms 

We will state and prove some lemmas which play an important role throughout this pa- 
per. It is assured by them that we obtain L^-estimates for F{u,uj,6), (L'^) ^-estimates for 
G{u,uj,9) and L^-estimates for H{u,uj,9). 

Lemma 2.5. Let 1 < p < 00, 

Then 

\\A-''Pp{u ■ V)v\\p < Ci||n||^^«i (2.39) 
for any u,v > where Ci = Ci(ai,5i) is a positive constant. 
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Proof. It is [G", Lemma 2.2]. □ 
Lemma 2.6. Let 1 < p < oo, 1 < q < oo, 

02, /32 > 0, as > ^ ( - - - ) , < 52 < 1 + ^ ( 1 - - ) ' (^2+S2 > L a2+^2+S2 > 7^ + J. 

2 \p q J 2 2 \ q J 2 2p 2 

Then 

\\T;'^u-VM, < C2\\u\\x^,M\ (2.40) 

for any u G , uj € Yg ^ , where C2 = C2(a2, /32, ^2) is a positive constant. 

Proof. It is [SI Lemma 3.3]. □ 

Lemma 2.7. Let 1 < p < 00, 1 < r < 00, 

"3,73 ^ 0' «3 > ^ Q - J) , < 53 < (^1 - ^) , (33+63 > \, a3+l3+h > ^+1- 

Then 

\\B-'^iu ■ V)e\\r < C3||n||^.3 (2.41) 

for any u € , 9 S Zr"^ , where C3 = 6*3(03,73,(53) is a positive constant. 

Proof. It is [81 Lemma 3.3]. □ 

Lemma 2.8. Let 1 < p < 00, 1 < q < 00, 1 < r < 00, 

T/ien 

||$(u,z;;a;,V')||g <C4(1 + /ir)(||n||^-3 |If |I v"3 + v-a HV-L.^ 

P P P ^ q 



+ WnX^^MW^h + ll^lly'33llV'lly/33 



(2.42) 



for any u,v ^ , a;,^/' G Yq^ , where C4 = (^4(03, /33) is a positive constant. 

Proof. After applying the Schwarz inequality to \\^{u,v;uj,'ip)\\r, we can obtain (2.42) by 
(2.10) with a = 03, A: = 1 and s = 2r, (2.11) with /3 = /33, A; = 1 and s = 2r. □ 

Lemma 2.9. Let 1 < p < 00, 1 < q < 00, 

...o,..>^(l-l),o..<1.2(.-i),.....^(l-l).l. 

Then 

WA-^'PpTotuWp < CM^0, (2.43) 
for any uj G Yq^ , where C5 = C^{f3i,5i) is a positive constant. 
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Proof. It follows immediately from from [6l Lemma 2.2]. □ 
Lemma 2.10. Let 1 < q < oo, < /32 < 1. Then 

\\u\\g<Ce\\uj\\ P2 (2.44) 

for any uj G Yq^ , where Cg = Cq{(52) is a positive constant. 

Proof. It is clear from (2.11) with (3 = (32, k = and s = q. □ 

Lemma 2.11. Let 1 < p < oo, 1 < q < oo, 

3 /I 1\ , 1 3 / 1\ , 3 /I 1\ 1 

«^>Hp"^J'"-'^<2 + 2('"^J'"^ + '^-2U"^h2- 

T/ien 

||r-'^2j.otn||^ < C7||n||^«2 (2.45) 
for any u G , where Cy = 6*7(02, 62) is a positive constant. 

Proof. It follows immediately from [6l Lemma 2.2]. □ 

Lemma 2.12. Let f G C°'^(M) with the Lipschitz constant Lj, /(O) = 0, 1 < p < 00, 
1 < r < 00, 

T/ien 

||Pp/(e)||p<C8L;||0||^., (2.46) 
for any 9 G Zr^ , where Cg = C8(7i) is a positive constant. 

Proof. It is known in O Theorem 1] that Pp is a bounded operator in (L^'(il))^. Since 
11/(6*) lip < ^/||6'||p, (2.46) follows from (2.12) with 7 = 71, A; = and s = p. □ 

Lemma 2.13. Let g G C'^'^(M) with the Lipschitz constant Lg, g{0) = 0, 1 < q < 00, 
1 < r < 00, 

Then 

115(^)11, <C9L,||0||^.. (2.47) 
for any 9 G Zr^ , where Cg = 6*9(72) is a positive constant. 

Proof Since 115(6*) ||g < Lg\\9\\q, (2.47) follows from (2.12) with 7 = 72, /c = and s = 
q. □ 
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2.6 Xp X X Z^-estimates for linear and nonlinear terms 

First, we will fix nine exponents ai, 0:25 0:3, P2, Ps, 7i, 72 and 73 in Lemmas 2.5-2.13 
after the choice of three exponents 5i in Lemmas 2.5 and 2.9, 62 in Lemmas 2.6 and 2.11 
and 63 in Lemma 2.7. We take 5i as zero in the case where ao > 0, and as an arbitrary 
positive constant in the case where ao = 0. (/3o,(^2) and (70,(^3) are similarly taken. It is 
essential for (2.13), (2.14) that we make an appropriate choice of ai in Lemma 2.5, a2 in 
Lemmas 2.6 and 2.11, in Lemmas 2.7 and 2.8, /3i in Lemma 2.9, in Lemmas 2.6 and 
2.10, /Js in Lemma 2.8, 71 in Lemma 2.12, 72 in Lemma 2.13 and 73 in Lemma 2.7. Some 
elementary demonstrations admit that we can chose ao < ai < 1 — 61, ao < a2 < 1 — Si, 
ao < as < 1 - (5i, /So < /3i < 1 - ^2, /So < /32 < 1 - S2, Po < Pa < 1 - S2, Jq < 71 < 1 - S3, 
7o < 72 < 1 — <^3, 7o < 73 < 1 — (^3 which satisfy not only assumptions for Lemmas 2.5-2.13 
but also 



2ai + Si < 1 + ao, a2 + /32 + (52 < 1 + ao {a2 + S2 < 1 + ao — Po), 



"3 + 73 + (^s < 1 + ao, "3 < ao + 



70 



/33 < ^0 + 



70 



(2.48) 



Pi + Si = 1 - ao + Po if ao - Po 



3 


fl 


i\ 


1 










2 


\P 


q) 


<2' 


3 


n 


i\ 


1 


2 


\p 


qJ 


~ 2' 



71 < 1 - ao + 70 

71 = 1 - ao + 7o 

72 < 1 - ^0 + 70 
72 = 1 - /3o + 70 



if 



ao - 70 



if ao - 7o - 

if Po - 70 

if /3o - 70 - 



< 1, 
= 1, 

<1, 
= 1. 



(2.49) 



(2.50) 



(2.51) 



These exponents are fixed throughout this paper. 

Second, we obtain x Yq x Z^-estimates for linear and nonlinear terms which ap- 
peared in (II). Let < a < 1 - < /? < 1 - (52, < 7 < 1 - ^3, < A < Ai, and 
set 



J^{u,oo,e){t) = [ e-^^-'^^^F{u,uj,e){s)ds, 
Jo 

g{u,uj,e){t) = [ e-^^-'^^<^G{u,uj,e){s)ds, 
Jo 

n{u,LO,e){t) = [ e-^^-'^^'-H{u,u,e){s)ds. 
Jo 
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Then \\T{u,oj,9)(t)\\x^ , \\Giu,uj,9)(t)\\YP and \\'H{u,aj,9){t)\\z:y are bounded as follows: 

\\T{u,u;,em\\x^ <CA„a+5i,ACijJ*(t-s)-(-+*0e-A(t-)||u(s) 11^.1 

+ 2C^„a+5i,AC5Mr f\t - s)-("+'^^ e-^^'-'^\oo{s)\\ ,,ds (2.52) 
Jo ^« 

+ CA„a,xCsLf fit - s)-"e-^(*-^)||e(s)||2.ids, 

^0 

\\g(u,u;,e)(t)\\Y^ <Ct,,p+5,,xC2 At-s)-(/^+^^)e-^(*-^)||u(.)||;,a,||a;(.)|| 

^ ' (2.53) 

Jo ^ 

+ Cr„0,xC,L, fit - s)-^e-^^'-^\\0is)\\z..ds, 
Jo 

\\niu,C0,9)it)h. <CB.,^+63,AC3^*(t-s)-(^+^3),-A(t-.)||„(,) 11^^,3 ||^(,)||^^^3^, 

+ Cb.,7,aC4(1 + fir) fit - s)-^e-^(*-^)||u(5)||^«3ds 
Jo ^ 

+ 2CB^,^,xC4il + fir) [ it-s)-'^e-^^'-'muis)\\^Ms)\\Y,,ds 
Jo ^ " 

+ Cb.,^,aC4(1 + /x.) / it-s)-^e-^^'-'^^\\Lois)\\\,ds 
Jo " 

(2.54) 

for any <t < T. Let iui,ui,6i) and ('U2,a;2,^2) be two mild solutions of (I. I), (1-2). 
Then we have the following inequaHties: 

\\Hu2,uJ2,02m - Tiui,u;i,9i)it)\\x^ 

<CA,,a+S,^C,J\t-s)-(^+'^^e-'('-^\\\u,is)\^^^^ 

x\\iu2-ui)is)\\x^ids ^2.55) 

+ 2CA„a+SuXC5^r [ (t - 3)-^'^+^'^-^^'-'^ \\icO2 - COlXs^^.^ds 

Jo 

+ CA„a,xCsLf fit - s)-"e-^(*-)||(02 - ei)is)h:!^ds, 
Jo 
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\\Qiu2,UJ2,02)it) - Qiui,UJi,9i){t)\\yfi 



Jo i' q 

Jo p yq 

+ 4Cr„/j,AC6Mr / {t-s)-Pe-'^^'-'\\{u2-ui){s)\\ ,,ds 
Jo 



(2.56) 



Jo ^ 

+ Cr,,p,xC,L, fit - s)-^e-^^'-^{e2 - e,){s)\\z.,ds, 
Jo 

\\n{u2,u:2,d2){t)-n{ui,u^,e^){t)\\zj 

<CBr,,+Ss,xC, j\t - .)-(^+^3)e-A(t-.)||(^^ _ ^,)(,)||^.3 \\e2{s)\\^.,ds 
+ Cb^,,+8„xC, j\t - s)-(^+^3),-A(*-.) 11^^ 11^^,3 II _ ^,)(,) 11^,3 

+ Cb„,^,aC4(1 + ixr) fit - s)-^e-^(*-^)(||«i(s)||;,«3 + ||«2(S)|U;3) 
Jo p p 

X \\iu2 - ui)is)\\xpds (2.57) 

+ CB^,,,xC,il + fir) fit - s)-^e-^(*-^)||c^2(5)||^/53 11(^2 - Ui)is)\\^^sds 

Jo « 

+ CB^,,,xC,il + ixr) fit - s)-^e-^(*-)||ui(s)||;,a3 ||(a;2 - u,)is)\\y,,ds 
Jo " 

+ Cs,,7,aC4(1 + M / it - sr^e->^^'-'\\\uJiis)\\y,, + \\uj2is)\\y,,) 
Jo ^1 ^1 

X \\iuj2 - UJi)is)\\ fi^ds 
'1 

for any < t < r. 

3 Proof of Theorems 2.1 and 2.2 

We will prove Theorems 2.1 and 2.2 in this section. In proving our main results, simplified 
notation is given as follows: We drop three subscripts p, q and r attached to P, A, F, 
B, and Z"' in the sequel. It is useful to remark that a generic positive constant 

independent of u, u, 9 and t is simply denoted by C. 
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3.1 Existence of local mild solutions 

We construct a mild solution {u,uj,9) of (1.1), (1.2) by the following successive approxi- 
mation {u"',co"',e"') (m G Z, m> 0): 

a;0(t) = e-*%, (3.1) 
e%t) = e-'^9o, 

a;"»+i =a;0 + a(n™,a;™,e™), (3.2) 
0"*+^ = 0° + ^(t/™,u;",0™). 

The following lemma admits that {^-^o {t'^->^°u'^}m and {t'''-'^°e"^}m are well- 
defined as sequences in C([0,r];X°) for a = ai, 02,03, in C{[0,T];Y^) for P = ^1,^2,^3 
and in C([0, T]; Z'^) for 7 = 71, 72, 73 respectively. 

Lemma 3.1. Xei a = ai, 02, as, /? = Pi, /32, P3, 7 = 71, 72, 73. T/ien there exist monotone 
increasing continuous functions K"'-^, i^^™/? ^'^^ -^37 ^^2/ m G Z, m > suc/i 

i/iai i^i™ (0) = 0, i^™^ (0) = 0, (0) = 0, 

||t^'"(i)llx«<i^i:a(i)i"°-^ (3.3) 
||a;™(i)||y. <i^2^^(i)i^°-^ (3.4) 
\z. < KT,,{t)t^'-^ (3.5) 



for anyO<t<T, K^^ < K^^\ K^^ < K^+\ K^^ < K^'+^ on [0,r]. 

Proof. We give the inductive definition of K"^^, and with respect to m. K^^, 
K2 and K^y are defined as 

i^o^(i)= sup s"-"°||nO(s)||x«, (3.6) 

0<s<t 

K2%(i)= sup /-^»||a;0(s)||y,, (3.7) 

0<s<t 

i^3%(t)= sup s^-^»||0°(s)||z.. (3.8) 

0<s<t 

It is obvious from (3.6)-(3.8) that (3.3)-(3.5) with m = hold for any < t < T. 
Moreover, Lemma 2.3 yields that Kf^^i^) = 0, K^^p{0) = 0, i^3^^(0) = 0. Assume that 
there exist i^™^, K^^ and K^^ for some m G Z, m > 0. After applying (2.52)-(2.54) to 
{u^,uj'^,9^), it is derived from (3.2) that we have the following inequalities: 

+ CA,a+5uxCiB{\ - (« + <5i), 1 + 2(ao - ai))ifi"^,,(i)2i^+^"°-"-^"^-^i 
+ CA,a,xCsLfB{l - a, 1 + 70 - 71)^3" l(^)^'+''°~"'''^ 
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+ Cr,p+S2,xC2B{l - (/3 + 62), l + ao + po-a2- P2) 

+ 4Cr,;3,AC6/x,S(l - ^, 1 + ^0 - P2)K^,p,{t)t^^^°'^-^' 
+ 2Cr,;3+5,,AC7/x.S(l - + ,52), 1 + ao - as)^- 
+ Cr,^,AC9L^S(l - ^, 1 + 70 - ^2)KT,^,{t)t^^^'-^~^\ 

+ CB,'y+S3,\C3B{l - (7 + S3), 1 + ao + 70 - as - 73) 

X K^^^ {t)K^^, (i)il+ao+70-7-"3-73-53 

+ Cb,^,aC4(1 + fir)Bil - 7, 1 + 2(ao - as))K^,^it)H'+^-°-'^~^-' 
+ 2Cb,;3,aC4(1 + - 7, 1 + ao + /So - "3 - /33) 



-ft 



for any < t < T, where B{x, y) is the beta function. Therefore, K"^^^ , K^+'^ and 
can be defined as 

+ CA,a+5,,xC,B{l - (a + <5i), 1 + 2(ao - a,))KT,^^{tft^+'^^-^'^^-'^ 
+ 2C^,„+5,,aC5/x,5(1 - (a + <5i), 1 + /3o - A)i^2"/3i 
+ C^,a,AC8L/S(l - a, 1 + 70 - 7i)i^3"^i 

+ Cr,ii+52,\C2B{1 -{(5 + 62), 1 + ao + /3o - "2 - ,^2) 

+ 4Cr,/3,AC6Mri?(l - /3, 1 + /3o - /32)i^2":/32 

+ 2Cr,p+s,,xCrfirB{l - (/3 + ^2), 1 + oq - 02)^1™,, 

+ Cr,/3,AC9Ls^(l - /3, 1 + 70 - 72)^^3^72 (^)^'+^""^°"^^ 

+ CB,^+5,i,xC3B{l - (7 + S3), 1 + ao + 70 - "3 - 73) 

X {t)K^^, (i)il+«o-a3-73-53 

+ Cb,^,aC^4(1 + t^r)B{l - 7, 1 + 2(ao - a3))i^i- 3(t)2tl+2"0-70-2a3 (g.u) 

+ 2Cb,/3,aC4(1 + )U^)5(1 - 7, 1 + ao + /3o - - /Sa) 

+ Cb,;3,aC4(1 + - 7, 1 + 2(^0 - /S3))ii:2^^3(0'i'+'''°-^°-'''^ 

It follows from (3.9)-(3.11) that 



\u^-^\t)\\x^<Kr^Ht)t-°-"', 
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for any < t < T. Furthermore, we utilize inductive assumptions for Kf^^, K^^ and K^^, 
and conclude that K^^'^{(}) = 0, K^^'^{(}) = 0, if^+^(0) = 0. It can be easily seen from 
the induction with respect to m thatV^^^ < K^a^',K^^ < K^^^, K^^ < K^+^ on [0,r] 
for any m G Z, m > 0. □ 

We can see that a mild solution {u,u}, 6) of (1.1), (1-2) is constructed by the following 
lemmas. Set K'^it) = ma.x{KY^^{t), K^^j{t), K^^,{t) ; a = ai,a2,as,P = Pi,p2,P?.,l = 
71)72)73}. Then it follows from Lemma 3.1 that i^T™ is a monotone increasing continuous 
function on [0,r] satisfying ii:™(0) = 0, K"* < on [0,r] for any m G Z, m > 0. It 

is required that C is independent of not only u, lj, and t but also m throughout this 
subsection. 

Lemma 3.2. Let a^, Pq and 70 satisfy (2.49)i, (2.50)i, (2.51)i. Then there exists a 
positive constant Ti < T depending only on 0,, p, q, r, uq, j3Q, 70, uq, ujq, 9q, fir, Lf, 
Lg and T such that {t°'~°'°u"''}m, {t^~^^''^"^}m md {t'^~'^°0"^}m are Cauchy sequences in 
C([0,ri];X«) /ora = ai,a2,a3, in C([0, Ti]; F'^) for p = pi, p2, p3 and in C([0, Ti]; Z^') 
for 7 = 71 , 72 ) 73 respectively. 

Proof It follows from (2.48), (2.49)i, (2.50)i, (2.51)i, (3.9)-(3.11) that K"" satisfies the 
following inductive inequality with respect to m: 

K'^+^t) < K°(t) + CK^'itf + CK"'{t)t'= (3.12) 

for any < i < T, m G Z, m > 0, where x = min{l + /3q — ao — Pi — 61, 1 + ao — Po — a.2 — 
62, 1 - ^2) 1 + 70 - ao - 71, 1 + 70 - /So - 72}- Since K'^iO) = Q, K"" < K^+^ on [0, T], 
X > 0, an elementary calculation shows that there exists a positive constant ri < T such 
that K"^ < CK^ on [0, ti]. Therefore, we can utilize (3.3)-(3.5) to obtain the following 
inequalities: 

max {t"-"°\\u'^{t)\\xc} <CK\t), (3.13) 
0=01,02,03 

m^ {t^-^°\\u;^my,} < CK\t), (3.14) 

max {t^-'^°\\9"'{t)\\zj} <CK°{t) (3.15) 
7=71,72,73 

for any < t < ri. It is sufficient for the conclusion that we give X"-estimates for 
y^m+i _ y^-estimates for 0;™+^ — uj"^ and ^'''-estimates for ^"^+1 — 0"^. It can be easily 
seen from (2.52)-(2.54), (3.2) with m = that 

max {r-"°||(txi -fxO)(OIU«} < C {t){K^ {t) + I) , 
0=01,02,03 

max {t/^-*||(a;i - a;°)(t)||y4 < CK\t){K\t) + 1), 

P=P1,P2,P3 

max {iT-To||(ei - e^){t)\\zi} < CK^{tf 
7=71,72,73 
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for any < i < n. We utilize (2.55)-(2.57), (3.13)-(3.15) and the induction with respect 
to m, and obtain the following inequalities: 

max -n"^)(t)||x4 < CK\t){K\t) + l){C{K\t) + 1")}"^, (3.16) 

a=ai,a2,a3 

max {t^-^«||(c^-+i-c.-)(t)||v^4<Ci^°(t)(K°(t) + l){C(if^ (3.17) 

P=Pl,P2,P3 

max {t^-To||(0"*+i _ 0m^(^t)\\z'r} < CK\t){K°{t) + l){CK°{t)r (3-18) 

7=71:72,73 

for any < i < ri, where a = min{l + (3q — ao — /3i — 6i,l + 'jo — ao — 71}, b = 
min{l + ao - Po - a2 - 62,1 - P2, 1 + 70 - /^o - 72}- Since ^"(0) = 0, a > 0, 6 > 0, we 
can take a positive constant Ti < n satisfying C(i^°(Ti) + Tf ) < 1, C{K^{Ti) + Tl) < 1, 
CK^{Ti) < 1. Then {t"-""^™}™, {t'^-'^'itj'"}^ and {^T-^oe™}„^ are Cauchy sequences in 
C([0,Ti];X"), in C{[0,Ti];Y^) and in C([0,Ti];ZT) respectively. □ 

Lemma 3.3. Letao, f3o and-fo satisfy {2.49)2, (2.50)i, (2.51)i or (2.49)i, (2.50)2, (2.51)i 
or (2.49)1, (2.50)i, (2.51)2 or (2.49)2, (2.50)2, (2.51)i or (2.49)2, (2.50)i, (2.51)2 or 
(2.49)1, (2.50)2, (2.51)2 or (2.49)2, (2.50)2, (2.51)2. Then there exists a positive constant 
T2 < T depending only on J7, p, q, r, ao, /3o, 7o, ""o, "^o, ^0, /^r> -^/, -^g o^c^ ^ such that 
l^a-ao^m}^^ |^/3-/3o^m|^ ^^^-^oQm^^ are Cauchy sequences in C([0,T2];X") for 

a = ai,a2,a3, in C([0, r2]; F^) for /3 = Pi,(32,P3 and in C([0, T2]; Z^) /or 7 = 71,72,73 
respectively. 

Proof It is clear from (2.49)2, (2.50)2, (2.51)2 that l+/3o-ao-(3i-6i = 0, l+7o-ao-7i = 
0, 1 + 70 — ao — 72 = respectively. We must consider, instead of (3.12), the following 
inductive inequality: 

K^^Ht) < K^t) + CK^^^itf + CK^:^^{t) + CKS:^^{t), 

K^^Ht) < Klp{t) + CKi™ ,(t)i^2"&(i) + C{KlJ:p,{t)t^-^' + ^(t)il+"o-/3o-a2-52 + ^m ^ 

K^,:^\t) < Kl^it) + C{KT^^^{t)K"^^^{t) + KT,^^{tf + i^i- 3(t)i^27/33(*) + ^27ft (0') 

(3.19) 

for any < t < T, m G Z, m > 0. It can be easily seen from (3.19) that 

K'^+'^it) < C{K^{t) + K'^+'^itf + K'^itf) + CK'^+'^{t)ty (3.20) 

for any Q < t < T , where y = min{l + ag — /^o — "2 — (^2, 1 — h}- Since i^°(0) = 0, 
j^m < £ ^m+2 |-q^ T], y > 0, an elementary calculation shows that there exists a 

positive constant T2 <T such that K"^ < CK^ on [0, r2]. It remains to give X°-estimates 
for — u™, y'-estimates for uj'^'^^ — oj"^ and ^'''-estimates for 0"^+^ — 0"^. It follows 

from (2.55)-(2.57) that 



max {i"-"°||(tx"*+^ - u'")(i)IU«} < CK%t){K\t) + l)L^(t), (3.21) 
=01,0:2,03 

max {t>^-'^°\\{co"'+^ -co"'){t)\\Yi3} <CK\t){K\t) + l)L^{t), (3.22) 
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max - e'^){t)\\z-y} < CK°{t){K^{t) + l)L^{t) (3.23) 

7=71,72,73 

for any < t < T2, where L'^{t), L'^{t) and Lf{t) are defined as 
/1\ /Lf{t)\ 

I K^{t) 1 1 

= K^{t) + tl+«o-A-a2-52 ^O(^) _^ ^l-fe 1 

Let A = A(t) be a eigenvalue of ii' = K{t). Since A is a continuous function on [0,T2] 
satisfying A(0) = 0, we can take a positive constant T2 < T2 satisfying |A(t)| < 1 for any 
< t < Then {t'^~°'°u"'}m, {t^~^°oj"'}m and {t'^~'^° O'^jn, are Cauchy sequences in 
C([0, Ta]; in C([0, Ta]; F^) and in C([0, T2]; Z^) respectively □ 

Set r* = min{ri,T2}. Then it follows from Lemmas 3.2 and 3.3 that there exists a 
pair of three functions (n, 00, 9) satisfying 

^xGC((0,r,];X°''), 

w G C((0,T,];y'^"), 
9 e (:7((0,T,];ZTo) 
such that 

fa-ao^m _^ ^a-a,,^ -^^ C([0,T*];X°) aS m ^ OO, 

t/^-A^o;™ ^ t/3-/3o^ in (<7([o^ T,]; y^) as m ^ 00, (3.24) 
i7-7o^m ^ ^7-70^ in C([0,T,]; Z^) as m ^ 00 

for a = ai, 02,0:3, (3 = /3i , /32 , /Ss , 7 = 7i , 72 , 73 • By applying the dominated convergence 
theorem to (3.2), we can conclude that {u,uj,9) satisfies (II) in (0, T^,]. 

3.2 X" xY^x Z^-estimates for local mild solutions 

We will be concerned with basic properties of local mild solutions of (1.1), (1.2). It is 
sufficient for (2.15)-(2.20) that we prove the following lemma: 

Lemma 3.4. Let {u,ui,9) be a mild solution of {1.1), (1.2) in (0,r*] given by (3.24). Then 

r-"»||?x(t) - e"*"^^xolU« < CK^{t), (3.25) 

t'^-'^"||w(i) - e-^^ojoWr^ < CK^{t), (3.26) 

i7-7o||^(i) - e-*^0o||z7 < CK°{t) (3.27) 

for any ao < a < 1, Po < P < 1, 'Jq < 'y < 1, < t < T^, where C is a positive constant 
independent of u, oj, 9 andt. 
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Proof. It can be easily seen that (3.13)-(3.15) with {u,LO,e) instead of 6*™) hold 

for any oq < a < 1 - (^i, /3o < /3 < 1 - (^2, 7o < 7 < 1 - ^3- By applying (3.13)-(3.15) to 
(2.52)-(2.54), we have the following inequalities: 

- e-^\o\\xc < CK\t){K\t) + 1), 

tl^'f^°\\oj{t) - e-'^oJoWyP < CK^{t){K^{t) + 1), 

for any uq < a < 1 — 61, < (3 < 1 — 62, "Jo < 'J < 1 — 63, < t < T^. Furthermore, 
the choice of 61, S2 and ^3 allows us to assume that ao < a < 1, < P < 1, ^0 < 1 < ^■ 



These inequalities clearly yield (3.25)-(3.27). □ 
It follows from (3.25) with a = oq, (3.26) with P = Po, (3.27) with 7 = 70 that 

\\u{t) - uo\\x"o < ||(e-*^ - I)«o||x"o + CK°{t), (3.28) 

Mt) - uo\\y0o < ll(e"*^ - I)oJo\\y^o + CK\t), (3.29) 

\\e{t) - OoWz^o < ||(e-*^ - I)eo\\z^,o + CK^t) (3.30) 

for any < f < T*. By taking t as zero, (3.28)-(3.30) imply that n(0) = uq, uj{0) = uq, 
9{0) = 6*0, consequently, {u,uj,9) is a mild solution of (1.1), (1-2) on [0, T*]. It is obvious 
from (3.25)-(3.27) that 

r-"°||«(i)||x- < i"""°||e-*^uo|U- + CK^{t), (3.31) 

t'^-'^°\\u{t)\\Yi3 < i^-^°||e-*%||y^ +Cii:°(i), (3.32) 
^^-T°||^?(^)||z7 < t^-^"\\e-'^do\\z^ +CK^{t) (3.33) 



for any ao < a < 1, /3o < /3 < 1, 70 < 7 < 1, < t < T^. (2.1)-(2.3), (3.31)-(3.33) clearly 
lead to (2.15)-(2.17). Moreover, it can be easily seen from (2.7)-(2.9), (3.31)-(3.33) that 
(2.18)-(2.20) hold for any oq < a < 1, /So < /S < 1, 70 < 7 < 1. 

3.3 Uniqueness of mild solutions 

We proceed to the uniqueness of mild solutions of (1.1), (1.2) on [0,T]. Throughout this 
subsection, it is required that C is a positive constant independent of t, consequently, C 
may depend on u, to and 6. For any ao<a<l, (3o<l3<l, 'yo<'y<l, 0<T<t<T, 
let us introduce the following notation: 

ll«WII(a)=«"-"1l«(i)l|x", 
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||(«,a;,0)(t)||(,,^,^) = + Mt)\\^^) + ||0(i)||(^), 

\\u\\{a;t) = sup S"""0||«(s)||x«, 
0<s<t 

ll'^lk/?;*) = sup s'^-^°||a;(s)||y^, 

0<s<t 

||0||(^.,)= sup 11^(5) lU., 

0<s<t 

\\{u,U^,0)\\(a,/3,r,t) = M\{a;t) + \M{/3;t) + ll^ll(7;t)' 

IKII(a;r,t) = max ||m(s)||x«, 

T<S<t 

M\{f};T,t) = max ||tj(s)||y,3, 

T<.S<:t 

PkT,r,t) = maxj|e(s)||z7, 

||(«,a;,6l)||(„_^_^.^_i) = + + ||6'||(7;r,t)- 

It is clear that the uniqueness is derived from the continuous dependence with respect to 
initial data. We prove the following lemma: 

Lemma 3.5. Let {u,oj,6) and {u,u},9) be two mild solutions of (1.1), (1.2) on [0,T] with 
initial data {uo,uJo,9o) and {uo,uJo,9o) respectively which satisfy 

(i) t°-°On, e C([0,T];X"), 

tf^-f^oco, tf^-P'^uj e c([o,r];y^), 

tJ-ioQ^ t-r-yoe ^C{[0,T];Z'^) 
for any ao < a < 1, Pq < P < 1, < ^ < I. 

(ii) \\u{t)\\x'=' = o(r»-"), \\u{t)\\x'^ = o(t"°-°) as t ^ +0, 
\\ioit)\\Y0 = o(i^°-^), Mt)\\Ye = o{t^''-^) as t ^ +0, 
Prnz-^ = WmWz^ = as t ^ +0 

for any ao < a < 1, Pq < P < 1, < ^ < I. Then 

\\{u - u,u- Ld,e- < C||(no - uo,ujo - ujo,0o - ^o)||(ao,/3o,7o) (3-34) 

for any oq < a < 1, Pq < P < 1, < ^ < 1, < t < T , where C is a positive constant 
independent oft. 

Proof. Do, D and M are defined as 

-Do = \\{uo - Uq,UJq - Uq,9o - 9o)\\(^ao,0o,-io)^ 

D{t) = max{||(u -u,uj-oj,9- ^)||(ai,/3i,^i;t), \\{u -u,u-u,9- ^)||(a2,/32,72;«)' 

\\{U-U,UJ-Q,9- ^)||(a3,/33,73;*)}' 
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M{t) = max{||u||(„^.t), ||u||(„3.t), ||«||(a2;t), Ik||(a3;t)' 

ll^lkfe;*)' ll'^lk/Ss;*)' ll'^lkfe;*)' ll^lkTs;*)}- 
By applying (2.55)-(2.57) to {u,oj,9) and {u,6j,9), we have the following inequalities: 

\\{U - <C\\uo - Uolkao) + CM{t)\\u - + CtH-A-ao-/3i-5i ||^ _ ^||^^^,^^ 

(3.35) 

IKo; - <C||a;o - + CM{t)\\{u -u,u-Q, 0)||(„,,^,,^„.,) + Ct'-^^Wu - 



(3.36) 



11(0 - m)\\{^) < C\\eo - ^olkTo) + CM(i)||(n -u,u;-LO,e- ^UkasA.Ts;*) (3-37) 
for any ao < a < 1 — 5i, Pq < f3 < 1 — 62, Jo < j < I — S3, < t < T. Moreover, it 
can be easily seen from (3.35) with a = ai, 0:2, 0:3, (3.36) with /? = ^1,^2,^3, (3.37) with 
7 = 7i>72,73 that 



D{t) < CDo + CN{t)D{t) 
for any < i < T, where 

' M{t) + t^+l3o-ceo-l3i-Si _j_ ^l+7o-ao-7l _|_ ^l-fe 
_|_^l+ao— /3o— a2— <52 _|_ ^l+7o— /3o— 72 
M(t) + ^1+70— ao— 71 _|_ il~/32 _|_ /So— a2— 52 

_|_^l+70-/3o-72 

-)- ^l+/3o— ao— /3i— i5i _j_ ^1— _j_ ^l+ao— /3o— 0:2— <52 
_|_^l+7o-/3o-72 

_(_ ^l+/3o-ao-/3i-5i _|_ ^1+70-0:0-71 -)- il-|92 
_j_^l+ao—/3o -02-52 

_/^^(^^) _|_ t^-Pi Jf- ^l+«()-A)-"2-52 ^ ^l+7o-/3o-72 
_|_ ^l+7o-ao-7i _|_ _|_ ^1+00-/30-02-52 



(3.38) 



iV(t) := 



if (2.49)i,(2.50)i,(2.51)i 

if (2.49)2,(2.50)1,(2.51)1, 

if (2.49)1,(2.50)2,(2.51)1, 

if (2.49)1,(2.50)1,(2.51)2 
if (2.49)2,(2.50)2,(2.51)1, 
if (2.49)2,(2.50)1,(2.51)2, 



M{t) + il+/3o-ao-/3i-5i + ^1-/32 + ^l+ao-/3o-a2-52 jf (2.49)i, (2.50)2, (2.51)2, 



jVf -I- ^1-/32 _|_ ^l+ao-/3o-Q2-52 



if (2.49)2,(2.50)2,(2.51)2. 



Since (n, tj, 0) and {u, Q, 9) satisfy (i), (ii), is a monotone increasing continuous function 
on [0, r] satisfying A''(0) = 0. Then we can take a positive constant tq < T satisfying 
CN{tq) < 1, consequently, D{to) < CDq. It remains to prove (3.34) for any tq < t <T. 
For any tq <t <T, D{t, •) and M(r, •) are defined as 

D{T,t) = max{\\{u -u,uj-uj,9- ^)|kai,^i,7i;T,t), \\{u - u,u; - uj,9 - ^) Ika2 ,^2 ,72 ;r,t)> 

\\{U-U,UJ-UJ,9- ^)lka3,/33,73;r,t)}> 
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M(r,t) = max{||u||(„j.^,t), [[^[[(^j.^^t), [^[[(ajir,*), ll'«ll(a3;T,t)' ll'^ll(/32;r,t)> 

ll'^ll{/33;T,t)> M\(P3;r,t), ll^ll(73;T,t)}- 
It is necessary to remark that {u,ui,9) and {u,6j,9) satisfy 

u{t) = e-(*-^)^u(T) + j\-^*-'^^F{u,uj,e){s)ds, 

u{t) = e-^^'^^^uj{T) + j e-^^-'^^G{u,uj,e){s)ds, (3.39) 
e{t) = e-(*-^)-^0(T) + j\-^^-'^^H{u,uj,e){s)ds 

for any t <t <T. We subtract (3.39) with {u,6j,9) from (3.39) with {u,u!,6), and obtain 

\\{u-u)it)\\x^ <lle-(*--)^(n-n)(T)||x^ 

+ ||e-(*-^)^(F(u, u, e) - F{u,u,, e)){s)\\x^ds, 

\\{u;-Com\\y,<\\e-('-^^^{u;-0)ir)\\y, 

+ J \\e-^^~'^^iG{u,u;,9) - G{u,u;,e)){s)\\Y0ds, 
||(^-^")(t)l|z. <||e-(*--)^(0-0")(r)b. 

+ ||e-(*-^)^ {H{u, oj, 9) - H{u, Q, e)){s) Wz-^ds 
for any ao < a < 1 — 5i, /So < ,5 < 1 — (^2, 70 < 7 < 1 — (^3, r < t < T. It is clear that 

^* ||e-(*-^)^(F(n, uj, 9) - F{u,6j, ^))(s)||x«cZs, 

j\\e-(*-'^'^{G{u,uj,9) - G{u,6j,9)){s)\\Yi}ds, 

\\e-^^-'^^{H{u,uj,9) - H{u,6j,9)){s)\\z7ds 

are estimated like (2.55)-(2.57), consequently, we have the following inequalities: 

||(n - n)(i)|U« <Cro"«-°Z)o + C(t - t)'-^'^^'^^ M{to,T)\\u - 

+ C(i - r)M«+5i)||^ _ ^11^^^^^^^) + C(t - r)i-"||e - 

||(a; - u,m\\Y^ <CtS'-^Do + C{t - r)i-(^+^^)M(ro, T)||(n -u,u- u,,0)\\ia,,p.,jo;r,t) 
+ C{t - t)^-^\\u; - a;||(^,;,,,) + C{t - Ty-(^+'-^u - 
+ C{t-T)'-^\\9-9\\^^,.,^,), 

(3.41) 
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(3.42) 

for any t <t <T. Similarly to (3.38), it follows from (3.40) with a = 01,02,03, (3.41) 
with P = l3i,P2,P3, (3.42) with 7 = 71,72,73 that 

D{r, t) < C(ro"»-" + Tq^""^ + t^''^)Do + CiV(r, t)D{T, t) (3.43) 

for any t < t < T, where 

N{t, t) :={(t - r)i-("+'^i) + {t- t)^-(^+^2) + _ ^)i-(7+53) + _ r)i-T}M(ro, T) 

+ (t - r)^-("+''i) + (t - r)^-" + (t - r)i-('^+<^'2) + (t - t)^-'^. 

It is clear that there exists a positive constant ri < T — t independent of r such that 
CN{t,t + Ti) < 1, consequently, D{t,t + ti) < CDq. We repeat to carry out the same 
proof as above, and obtain D{to,T) < CDq. □ 

3.4 Existence of global mild solutions 

The main purpose of this subsection is to extend a mild solution of (1.1), (1-2) locally in 
time to the one globally in time. By virtue of Theorem 2.1, it is essential for Theorem 
2.2 that we obtain global X"-estimates (2.21) for u, global y^-estimates (2.22) for lo and 
global Zi'-estimates (2.23) for 6. For any < A < Ai, A < Ai < Ai, A < A2 < min{2A, Ai}, 
let us introduce monotone increasing continuous functions on [0, 00) defined as 

Ei,a{t)= sup m(s)°-°°e^^||t^(s)||x«, 

0<s<t 

E2At)= sup m{s)f'-(^°e^^oo{s)\\Y,, 

0<s<t 

E3,^{t)= sup m{sy-^'>e^''\\e{s)\\z^, 

0<s<t 

where m(i) = min{t, 1}. It is obvious that (2.21)-(2.23) are established by proving the 
following lemma: 

Lemma 3.6. There exist positive constants ei and £2 depending only on p, q, r, a^, 



Pq, 7o, Lf, Lg and A such that 

El,ait) < CiWuoWx'^o + ||wo||y/3o + ||^o|U^o), (3.44) 

E2A't) < C{\\uq\\x^o + ||a;o||y/?o + ll^ollz^o), (3.45) 

E3,j{t) < C(||uo|U«o + ll^olly/^o + ll^olU^o) (3.46) 



for any ao < a < 1, f3o < f3 < 1, < j < 1, t > 0, where C is a positive constant 
independent of u, u, 9 and t provided that 

Hr < £i, 

||^to||x«o + ||wo||y/3o + ll^ollzTo < £2- 
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Proof. It follows from (II) (2.52) that 

m(t)«-"«e^i«(t)|U^ < CA,a^aoMe-^^'-^^'\\uo\\x'^o 

+ CA,a+5i,AiCim(t)"-"°e-(^i-^)*Si,a,(0' / (t - s)-("+^^)m(s)-2("i-"o)e-(2^-^^)^ds 

Jo 

Jo 

'Jo 

< C\^-aoMho\\x-o + Cm(t)i+-°-2"i-'5ie-^*£;i,„,(t)2 + C//,m(i)i+'^°-"°-^i-'5i^2,/3i(«) 
+ CL/m(i)^+T"-""-^ie-(^2-A)i^g^^^(-^^^ 

El,a{t) < C(||uo||x«o + ^l,ai(t)' + W + LfE^^^^it)) (3.47) 

for any ao < a < l-(5i, t > 0. Similarly to (3.47), we can utilize (11)2, (11)3, (2.53), (2.54) 
to obtain the following inequality: 

m{t)f'-^'e^'Mt)\\Y, < Cr,/3-/3o,Aie-(^i-^)*||a;o||y/3o 

+ Cr,^+s,MC2m{tf-^°e-^^^-^^'Ei,^,it)E2Mt) [\t - s)-(^+'5^)m(s)-("^-"°)-(^^-^°)e-(2^-^i)^ds 

Jo 

+ 4Cr,0MCel^rm{tf~'''^e-^^'-^^'E2Mt) / " s)-^m(5)-(^^-^»)e-(^-^i)^ds 

Jo 

+ 2Cr,/3+52,AiC7/x^m(t)^-*e-(^i-^)*£;i,„2(t) [ (t - s)-^^+^^^m{s)-^''^-°'°h-^^-^^>ds 

Jo 

+ Cr,/3,AiC9Lgm(t)^-*e-(^i-^)*£;3,72(i) [ {t - s)-^m{s)-^'-'^-'^°h-^^^-^^>ds 

'Jo 

< Cv,p-p,M \\u:o\\yP, + Cm(t)i+"°-"^-^^-'^^e-^*£;i,«,(i)£;2A(i) + C/x,m(i)'-'^^£^2A(t) 
+ CM^m(i)^+'^o-*-"2-<52^^^^^^^) + CLgm(0^+^°~^°~^'e-(^2-A)t^^^^^(^)^ 

^2,^(t) < C(||a;o||y^o +E^,^^{t)E2,p^{t)+iXrE2,pS)+iirE^,aAt) + LgE^,^^{t)) (3.48) 
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for any /3o < P < 1 - 82, t > 0, 

mity-^'^e^^'Wemz-r < CB,7-7o,Aie-(^i-^^)*||0o||z^o 

+ CB,y+Ss,MC3m{ty-^°e-(^^-^'^'E,,^,{t)Es,^,{t) [\t - s)-(^+'53)m(s)-("3-"o)-(73-7o)e-(A+A.-Ai). 

Jo 

+ Cs,^,AiC4(l + fir)m{ty-""'e-^^^-^^^^Ei^a3{tf [ {t- s)-Tm(s)-2(°^3-ao)g-(2A-Ai).^g 

'Jo 

+ 2Cb,j,X,C4{1 + flr)m{ty-'^°e-^^^-^^^^Ei^^^{t)E2,fi^{t) [ {t- s)-7^(s)-{a3-ao)-{/33-A)e-(2A-Ai)s 

' ' Jo 

+ Cb,7,AiC4(1 + Hr)m{ty-'-'°e-^^'-^''>*E2,i3,ity [ {t- s)-^m(s)-2(^3-*)e-(2^-^i)^ds 

'Jo 

< Cb,^_^o,aJ|^o|U^o +Cm(i)^+"°-'*3-^3-^3e-^*£;i,,3(t)£;3,73W 

+ C(l + Mr)m(t)^+2"°-T0-2"3g-(2A-A2)t^^^^^(^)2 

+ C(l + Mr-)m(t)i+°^o+^o-^°-°^3-/33e-{2A-A2)t^^^^^^^)^^^^^^^) 
+ C(l + //,)m(t)i+2*-To-2/33e-(2^-^2)t^2^^^(i)2^ 

^3,7(0 < C{||^0 ||Z70 +Ei^as ii)E3,js it) + il+fir)Ei,as itf + a+f^r)Ei,as {t)E2,^, (t) + (l+^.)£;2,fe {tf} 

(3.49) 

for any 70 < 7 < 1 — ^3, t > 0. Set E{t) = max{Ei^ait), E2^i3{t), E^^^lt) ; a = 
ai,a2,as, f3 = Pi, (32,^3, J = 71,72573}- Then (3.47)-(3.49) lead to the fohowing in- 
equahty: 

E{t) < C{{\\uo\\x-o + ||a;o||y^o + ||^o||z7o) + HrE{t) + (1 + Hr)E{tf}, 

E{t) < C{{\\uo\\x^o + ||a;o||y^o + ||^o||z7o) + E{tf} (3.50) 
for any t > provided that /x^ is sufficiently small. An elementary calculation shows that 

E{t) < C{\\uo\\x^o + llwollys,, + ll^ob^o) (3.51) 

for any t > provided that ||tto||x"o, ||wo||y/3o and ||^oIUto are sufficiently small. Therefore, 
it is clear from (3.51) that (3.44)-(3.46) are established by (3.47)-(3.49). □ 

4 Proof of Theorems 2.3 and 2.4 

We will prove Theorems 2.3 and 2.4 in this section. Since the proof of Theorem 2.4 is 
essentially the same as the proof of Theorem 2.3, we have only to prove Theorem 2.3. 
Furthermore, in proving Theorem 2.3, we restrict ourselves to the case where 61 = 0, 
62 = 0, S3 = 0. Even if 5i > or (^2 > or ^3 > 0, it is sufficient for Theorem 2.3 that we 
slightly modify the argument in this section. 
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4.1 X" X X Z'^^-estimates for integrals 
Theorem 2.3 is proved by the following lemmas: 
Lemma 4.1. Let 

J^{t)= f e-^'-'^^F{s)ds (4.1) 

JO 

with F G C{{Q,T];Ll{VL)) satisfying 

\\F{t)\\p<CFt~'' (4.2) 
for any 0<t<t + h<T, where Cp is a positive constant, < a < 1. Then 

(i) J-e c°'"((o,r];X") 

for any 0<a;<l, 0<q;<1 — a. 

(ii) \\T{t + h)- T{t) llx" < LrCF{h^~"t-'' + /i^t^-"-"-'^) (4.3) 
for any 0<t<t + h<T, where Ljr = Ljr(a, d) is a positive constant. 

Proof It is P Lemma 3.4]. □ 

Lemma 4.2. Let T be a integral given by (4.1) with F € C{{0,T]; La{^)) satisfying (4.2) 
and 

\\F{t + h)- F{t) lip < Lphh-'^ (4.4) 
for any 0<t<t + h<T, where Lp is positive constant, 0<6<1, c>0. Then 

(i) -Fe C°'"((0,r];Xi), dtJ- G C70'"((0,T];X") 
for any 0<d<b, 0<a<b, 0<d<b — a. 

(ii) dtT{t) + A^(t) = F{t) 
for any < t < T . 

(iii) \\T{t) Wxi < Ci^ACpt-" + Lpt'-'^) (4.5) 
for any < t < T , where Ci^jr = Ci^j^{b, c) is a positive constant. 

(iv) \\dtT{t)\\x^ < C72,^(C^t-("+'^) + Lpt^-("+^)) (4.6) 
for any 0<a<b, 0<t<T, where C2,p = C2,p{a, b, c) is a positive constant. 

Proof It is 121 Lemmas 2.13 and 2.14], |8i Lemma 3.5]. □ 

We remark that the regularity lemmas similar to Lemmas 4.1 and 4.2 are still valid 
for r (B), G {H) and Q (J-L) instead of A, F and respectively. 

It is useful for the time derivative of strong solutions of (1.1), (1-2) to be stated the 
following generalized Gronwall lemma: 
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Lemma 4.3. Let y be a nonnegative continuous and integrable function in (0, T] satisfying 
I m „t 

y{t) < V a,t"°' + E / - sr^'yis)ds (4.7) 
i=i j=i 

for any < t <T, where Oj > 0, 6j > 0, < < 1, < /3j < 1. Then 

I "/3 

y{t) < c5^a,t-"'(l + 5„,+i(t)e^^"^+^(*))Ei?fc(t) (4.8) 

i=l k=0 

for any < t < T, where C = C(ai,--- ,az,/3i,-- - ,^m) is a positive constant, up = 
- /3)] + 1, /3 = max{/3,- ; j = 1, • • • , m}, 

Proof. It is [8', Remark to Lemma 3.6]. □ 
4.2 Regularity of mild solutions 

We will show not only that a mild solution of (1.1), (1.2) can be a strong solution but also 
that (2.26)-(2.28) are established. It can be easily seen from Lemmas 2.5-2.13, (2.15)- 
(2.17) that 

||F(n,w,0)(t)||p <C(t2("o-«i)+i/3o-/3i+i7o-7i)x(||uo||x<^o+||^o||y/3o + ll^olU.o), (4.9) 



||G(^z,(^,0)(t)|l, <C(ro+^«-"2-^^+t'^o-''2+r°-"^+t^»-^2)(||no||x<^o + ||cuo||^ 

(4.10) 

\\H{u,UJ,e){t)\\r <C(r"+T«~°3-73 +^2(ao-a3) +i«0+/3o-a3-/33 +^2(/3o-/33)) 

X (||uo||x-o + ||a;o||y/3o + 116*011^^0) 

for any < t < T. Since 

u{t + h)-u{t) = {e-''^ - I)e-*^uo + T{u,Lo,e){t + h) - T{u,uj,e){t), 
uj{t + h)- uj{t) = {e-^'^ - /)e-*% + g{u, oj, 9){t + h) - G{u, u, e){t), 

e{t + h)-e{t) = {e-^^ -i)e-^^eo + niu,u;,e){t + h)-niu,uj,e){t) 

for any < t < t + /i < T, it follows from (4.3), (4.9)-(4.11) that 

\\u{t + h)- U(t)||x- <C(/l^it""-"~^^ + /il-"t2(ao-«i) + /il-°t/3o-/3i + /il-"t70-7i) 

X (||no||x"o + ||a;o||y/3o + lie^oHz^o), 



30 



\\oj{t + h)- Uj{t)\\YP <C(/l^2^''o-^-62 + ;jl-/3^ao+A-a2-/32 + ^1-/3^^-/32 + f^l-P^c^o-a^ 

+ h^~^€^°-^^){\\uo\\x'^o + ||a;o||y/3o + ||^o||z^o), 

(4.13) 

\\e{t + h)- e{t)\\zi <C(/l*3i^0-7-b3 j_ /jl-7i"0+70-"3-73 + /jl-7i2(ao-a3) ^ ^l-T,^ao+/3o-a3-/33 

^^i-7^2(/3o-/33))(||^^||^„^ + ||a;o||y/.o + \\eo\M 

(4.14) 

for any < 6i < 1 - a, < 62 < 1 - /3, < 63 < 1 - 7, < t < t + < T. It is derived 
from (4.11) with a = 01,02,03, (4.12) with /3 = Pi,P2,P3, (4.13) with 7 = 71,72,73 that 

F(^,a;,0) G C'^'<^((0, T]; L^(0)), (4.15) 

G(t.,a;,0) G C°''^((0,^];(L«(^^))3), (4.16) 

H{u,uj,e) e C°'^((0,r];L'-(J^)) (4.17) 

for any < a < min{l — ai, 1 — f3i, 1 — 71}, < /3 < min{l — 02, 1 — /32, 1 — 72}, 
< 7 < min{l — 03, 1 — /33, 1 — 73}. Therefore, Lemma 4.2 (i), (ii) admit that {u, u, 9) is a 
strong solution of (1.1), (1-2). By applying (4.5) to (II), we have the following inequalities: 

< CM^{t){\\uo\\x'^, + ||u;o||y^o + \\0o\M, (4.18) 
ti-'^°||a;(t)||yi < CM2{t){\\u4x-o + ||a;o||y^o + Po\M, (4.19) 

t^~^'\W)\\z^ < CMs{t){\\uo\\x'^o + WoooWy^o + \\0o\M (4.20) 
for any < t < T, where 

• = ! -|- ^l+ao-2ai _|_ ^l+A)-ao-/3i _j_ ^l+7o-«()-7i _|_ ^2{l+a()-2ai) 

_^ ^2+A,-2qi-/3i _^ ^2+7o-2ai-7i _^ ^2+A,-/3i-a2-/32 _^ ^2+A,-ao-/3l-fe 
_j_ ^2-/3i^a2 _j_ ^2+70— ao-/3i— 72 _j_ ^2+70-71-0:3—73 _j_ ^2+ao— 71— 2a3 
_^ ^2+/3o -71 -"3-/33 _^ ^2+2^0 -ao -71 -2/33^ 

M2{t) " = 1 + ^l+"o— 02-/32 _j_ ^l~/32 _j_ ^l+ao-/3o— a2 _j_ ^l+7o— /3o-72 

_j_ ^2+2ao— 2q;i— a2-/32 _j_ ^2+/3o -/3i — 02 -/32 _j_ ^2+70-71-0:2-/32 _j_ ^2(1+00-02— /32) 
_|_ ^2+00-02-2/32 _|_ ^2+2ao-/3o-2a2-/32 _|_ ^2+ao+70-/3o-02-/32 -72 _|_ ^2(1-/32) 
_|_ ^2+ao-/3o-a2-/32 _j_ ^2+7o-/3o-/32 -72 _|_ ^2+2ao-/3o-2ai-a2 _j_ ^2-/3i-0!2 
_j_ ^2+70— /3o— 71— 02 _j_ ^2+0:0+70— /3o— 72— 03— 73 _j_ ^2+2o:o— /3o— 72— 203 
_|_ ^2+00-72-0:3-/33 _j_ ^2+/3o-72-2/33 
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M^(t) • = ! + ^1+00-0:3-73 _|_ ^l+2ao-70-2o3 _j_ ^l+ao+/3o-70-03-/33 _j_ ^l+2/3o-70-2/33 

_j_ ^2+2ao—2ai— 0:3-73 _j_ ^2+/3o— /3i— 03— 73 _j_ ^2+70— 71— as— 73 _j_ ^2(1+00—03—73) 

_|_ ^2+800-70-303-73 _|_ ^2+2oo+/3o-7o-2o3-/33— 73 _|_ ^2+00+2/30—70—03-2/33-73 

_|_ ^2+3oo-7o— 2oi— 203 _|_ ^2+ao+/3o— 70— /3i-2a3 _j_ ^2+ao -71-203 

_j_ ^2+2ao+/3a-7o-2ai -03-/33 _j_ ^2+2/3o-7o-/3i— 03-/33 _j_ ^2+/3o -71 -03-/33 

_j_ ^2+2oo+/3o— 70— 02— ft— 03— ft _j_ ^2+Qo+ft— 70— ft— 03— ft _j_ ^2+200—70—02— 03— ft 

_j_ ^2+00 -72 -03 -ft _)_ ^2+oo+2ft-7o-02-ft-2ft _|_ ^2+2ft-7o-ft-2ft 

_j_ ^2+oo+/3o-70 -02 -2ft _|_ ^2+/3o-72-2ft 

It is clear from (2.48)-(2.51) that (2.26)-(2.28) are established by (4.18)-(4.20). 
Remark 4.1. Theorem 2.3 (i) can be, more precisely, stated as follows: 

u e (7°'"((0,r];Xi), dtu e C°'"((0,T];X"), 

uj G C°'^((0,T];yi), dtuj G C^'^ {{0,T];Y^), 

e G c°'^((o,r];Zi), dtO g cO'^((o,r];Z^) 

for any < a < min{l — ai, 1 — 1 — 71}, < (3 < min{l — 02, 1 — (^2, 1 — 72}, 
< 7 < min{l — as, 1 — /^s, 1 — 73}, < a < min{l — ai, 1 — /3i, 1 — 71}, < /3 < min{l — 
02, 1-/32, 1-72}, < 7 < min{l-Q;3, l-ySa, I-73}, < a < min{l-ai, l-/3i, l-^i}-a, 
< P < min{l - a2, 1 - ,02, 1 - 72} - /3, < 7 < min{l - 03, 1 - /33, 1 - 73} - 7- 

4.3 Regularity of the time derivative of strong solutions 

We will obtain the stronger regularity of strong solutions of (1.1), (1-2) under appropriate 
assumptions for p, q, r, ckq, Po and 70. Let us remark that {u,lo,6) satisfies (3.39) for any 
< T < t < T. Then it can be easily seen from (3.39) that 

u{t + h)- u{t) ={e-''^ - I)e-'^u{T) 

/T+h 
e-('+^-'^^F{u,u;,e){s)ds ^^^l) 

+ J e-^^-'^^{F{u,uj,e){s + h)- F{u,uj,e){s))ds, 

uj{t + h)- oj{t) ={e-''^ - /)e-*^a;(r) 

r+h 



/T+n 
e-^^+^-'^^G{u,u,e){s)ds 

+ j*^ e-(*-")^(G(tx,a;, e){s + h) - G{u,uj, e){s))ds, 



(4.22) 



0{t + h)- e{t) ={e-''" - /)e-*^e(r 

fT+h 



/T+n 
e-^'+''-'^^H{u,uj,9){s)ds ^423) 

+ J e-^*-''>^{H{u,uj,9){s + h) - H{u,uj,9){s))ds 
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ioT any T<t<t + h<T. It follows from (2.1), (2.4), (2.26), (4.9) that 

IKe-'^^ - I)e-'Mr)\\x'^ < Chit - T)-"r"«-i(||no|U-o + \\oJo\\y,, + 

l-t+T 

J \\e-^^+''-'^^F{u,uj,9){s)\\x^ds 

/T+h 
(t + h- s)-"(s2(«o-ai) + ^/3o-/3i + s'^^-^^)ds{\\u4x'^o + \\uJo\\yPo + ll^oHz-ro) 

< C/i(t-T)-"(r2("°-i) +r''°-'3i +r^°-^i)(||«olU«o + \\uo\\y^, + 

for any Q!o<q;<1, r<t<t + /i<r. Similarly to u and F{u, oo, 6), we can utilize (2.2), 
(2.3), (2.5), (2.6), (2.27), (2.28), (4.10), (4.11) to obtain that 

\\ie-''^-I)e-'^u;{T)\\y, < Chit - Tr<'T^'>-\\\uo\\x''o + ||a;o||y^o + ||^o||z7o), 

t+T 



e-^*+''-''^^Giu,uj,e)is)\\Yi3ds 

/T+h 
it + h- s)-/5(s°"+/5o-a2-fe + + gao-a2 + .,7«-72 ||,,^ || + ||^^||^^^ + H^oHz^o) 

< Chit - t)-^(t"o+^°-"2-^2 +r^°-^2 +r"°-°2 +r^°-^2)(||txo|U«o + ||a;o||y^o + ll^ollz^o) 
for any po < P <1,T <t <t + h<T, 

IKe-'^fi - I)e-'^eiT)\\z. < Chit - T)-Tr^°-i(||uo||x«o + ||a;o||y;3o + ll^oHz^o), 
J^^' ||e-(*+'»-^)^iI (tx, oj, e)is)\\z^ds 

/T+h 
it + h- s)-T(s"0+70-a3-73 + g2(ao-a3) ^ ^ao+/3o-«3-/93 + s2(/3o-/33))^^ 

X (||wo|U"0 + ||wo||y/3o + 116*011^^0) 

< Chit - r)-T(r"°+^°-°3-73 + ^2(ao-a3) + ^ao+A-a3-/33 + t2(/3o-/33))(||^j^ + ||a;o||y/?0 + ll^ollz^o) 

for any 70 < 7 < 1, r < i < i + /i < r. Therefore, it follows from (4.21)-(4.23) that 

\\uit + h)-uit)\\x'^ <Ci(r)/t(t-r)-"r"°-i(||uo||x«o + ||a;o||y/^o + ll^o||z7o) 

ft (4.24) 

+ C^,a,A J it-s)-^Fiu,u,e)is + h)-Fiu,co,0)is)\\pds, 

\\uit + h)-uit)\\Yf> <C2(r)/i(t-r)-^r*-^(||no||x«o + \\coo\\yPo + IMz-ro) 

ft ^ (4.25) 

+ Cr,p,x J it-s)-P\\Giu,u;,e)is + h)-Giu,u;,e)is)\\gds, 

\\eit + h)-eit)\\z^ <C3(T)Mi-T)-TTTo-i(||no|U«o + ||a;o||y/3o + ||^o||z7o) 

ft (4.26) 

+ Cb,^,a y (t-s)-^||i/(u,w,e)(s + /i)-//(u,w,e)(s)||.ds 

for any t <t <t + h <T, where 

Ciir) •= C(l + 7-^"'""°~^°i + T-i+/^o-ao-/3i _|_ ^i+7o-q;o-7i^ 
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C2{t) •= C(l + 7-1+"o-Q;2-/32 _|_ ^1-/82 _j_ ^l+ao-/3o-o;2 _j_ ^l+7o-/3o-72^ 

C2{t) ■= C(l -\- r^+°'0~'^3--y3 _j_ ^l+2ao-7o-2a3 _j_ ^l+ao+zSo-To-as-fe _|_ ^l+2/3o-7o-2/33^ 

Moreover, we can obtain L^-estimates for F{u, oj, 0){t + h) — F{u, w, 6){t), (L'^)^-estimates 
for G{u,uj,9){t + h)- G{u,uj,e){t) and ^''-estimates for H{u,uj,e){t + h) - H{u,uj,9){t) 
with the aid of (4.24)-(4.26), consequently, 

\\F{u,u,e)(t + h) - F{u,uj,e){t)\\p 

<Ch{{t - r)-"ir2'*°-"i-^ + {t- r)-^ir*-^ + (i - r)-^^^"-^} 
X (lko||x«o + ||wo||y/3o + 116*011270) 

+ Cr"°-°i j\t - sy''-^\\Fiu,uj,e)is + h)- F{u,u,e){s)\\pds (4 27) 

+ C J\t - s)-^' \\G{u, w, 9){s + h)- G{u,uj, 9){s)\\gds 
+ C j {t- s)-^^\\H{u,u,e){s + h)- H{u,u,e){s)\\rds, 

\\G{u,io,e){t + h)-G{u,u,e){t)\\q 

<Gh{{t - r)-"2(r"o+*-^2-l j_ + _ ^)-/32(^ao+/3o-a2-l 

+ r^°-i) + (t - T)-^V^"-i}(||no||x"o + ||c^o||y/3o + H^olU-o) 
+ C(r*-^^ + l)^ (t-5)-°^||F(t.,a;,0)(5 + /i)-F(t.,a;,0)(5)||pd5 (4.28) 

+ C(t"°-"2 + 1) J\t - s)-^^ \\G{u, u, e){s + h)- G{u, 00, e){s)\\qds 



+ CJ (t - s)-^^\\H{u,uj,e)is + h) - H{u,uj,e)is)\\rds, 
\\H{u,uj,e){t + h) - H{u,uj,e){t)\\r 

<Gh{{t — f^~°'3 ^^ao+'yo—ya-l _j_ ^2Qo-a3-l _j_ ^ao+/3o-/33-l) + — ^)-ft (^"o+/3o-"3-l 
+ ^2/30-/33-1) + (^_^)-^3^ao+70-a3-l|(||^^||^„^ + ||^^||^^^ + ||^^||^^^) 

+ C(r^o-^3 +^ao-a3 +^/3o-/33) y (t - s)-°3 0)^5 + /j) _ ^(^^ 0)^5) 

+ C(t"°-"3 +T^o-/33) J {t-s)-'^^\\G{u,uj,e){s + h)-G{u,u,e){s)\\qds 
+ Ct"o-"3 y (t-s)-^3||i?(u,w,e)(s + /i) -i7(n,w,^)(s)||^(is 

(4.29) 

for any t <t <t + h <T. Let p, q', r, ao, /So and 70 satisfy (2.24), and set 

y{t) =\\F{u,uj,e){t + h)-F{u,oj,e){t)\\p + \\G{u,u,B){t + h) - G{u,uj,B){t)\\q 
+ \\H{u,uj,e){t + h)-H{u,uj,e){t)\\r. 
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By applying Lemma 4.3 for (r, T-h] instead of (0, T] to (4.27)-(4.29) and letting r = t/2, 
we have the following inequality: 

y{t) < ChM{t){\\uo\\x«o + ||wo||y/3o + ||^o||z7o) (4.30) 
for any < t < T — h, where 

M(t) —^^("O""!)"^ -|- fPo-Pl-i _|_ ^70-71-1 _|_ ^ao+/3o-a2-/32-l _j_ ^A)-/32-l _j_ ^oo-a2-l 
_j_ ^70 -72-1 _j_ ^0:0+70-0:3-73-1 _j_ ^2(00-03)-! _j_ ^ao+fio-as-Ps-i _j_ ^2(/3o-/93)-l 

It is obvious from (4.30) that 

F{u,u,e)eC'''\{0,T];LP{n)), 

Giu,u;,9)eC''\{0,T];iLiin)f), 

H{u,u;,9) e C°'^((0,r];L'^(n)). 

Therefore, Lemma 4.2 (i) yields Theorem 2.3 (ii). Let p, q, r, ao, Po and 70 satisfy (2.25) 
in addition to (2.24). By applying (4.6) to (II), it follows from (4.9)-(4.11), (4.30) that 

tl+°-"°||dtix(t)|U- < CM^miuoWx'^o + ||a;o||y/3o + ll^olU^o), (4.31) 

t^+^-^°\\dtOjit)\\Y^ < CM2{t){\\uo\\x-o + ||a;o||y/3o + ||^o||z^o), (4.32) 

t^+^-^<^\\dt9it)\\z. < CM3(t)(||no|U-o + ||a;o||y/3o + ||^o||z^o) (4.33) 
for < t < T, where 

Mi(t) ■ = ! + ^1+"0-2q:i _|_ ^l+A)-ao-/3i _|_ ^1+70-00-71 _|_ ^l+A)-a:2-/32 
_|_ ^1-02 _|_ ^l+ft-ao-fe _i_ ^1+70-0:0-72 _j_ ^1+70-0:3-73 
_l_ ^1+00-203 _|_ ^l+Po-as-Pa _|_ ^l+2/3o-ao-2fe 

M2{t) : = 1 + il+2ao-/3o-2ai _|_ ^l-/3l _|_ ^l+7o-/3o-7l _|_ ^l+Q:o-o:2-/32 

_j_ ^1+ao— /3o— 02 _j_ ^1-/32 _j_ ^1+70— /3o— 72 _j_ ^l+ao+70— /3o— 03— 73 
_|_ ^l+2ao-/3o-2a3 _|_ ^l+ao-Q:3-/33 _|_ ^l+/3o-2/33 

_|_ ^1+200-70-201 _|_ ^l+/3o-70-/3l _|_ ^1-71 _|_ ^1+Q:o+/3o-70-Q:2-/32 
_^ ^l+ao-70-02 _|_ ^l+/3o-7o-;92 _j_ ^1-72 _j_ ^1+00-03-73 
_j_ ^l+2ao— 70— 2o3 ^ ^l+oo+/3o-70-o:3-/33 _|_ ^l+2/3o-7o-2/33 

It is clear from (2.48)-(2.51) that (2.29)-(2.31) arc established by (4.31)-(4.33). 

Remark 4.2. Even if p, q, r, qq, /3o and 70 satisfy only (2.13), (2.14), it can be easily seen 
from (4.15)-(4.17) that (2.29)-(2.31) hold for any < a < min{l - ai, 1 - /3i, 1 - 71}, 
< P < min{l - a2, 1 - P2, 1 - 72}, < 7 < min{l — 0:3, 1 - ^3, 1 - 73}. 
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5 Proof of Corollaries 2.1 and 2.2 

We will prove Corollaries 2.1 and 2.2 in this section. Since Corollary 2.2 is proved the 
same as in Corollary 2.1, it is essential for Corollaries 2.1 and 2.2 that we prove Corollary 
2.1. 

5.1 (W'^'^)^ X [W''''^y X W^'^''"-estimates for linear and nonlinear terms 

We will state and prove some lemmas for (W^'^)^ x (VF'^''^)^ x T^'^'''-estimates. They 
admit that we obtain (M^'^'P)^-estimates for F{u,uj,6), (VF'^''?)^-estimates for G{u,uj,9) 
and VK'^ '''-estimates for H{u,uj,9). 

Lemma 5.1. (i) Let 3 < p < oo. Then 

\\P{u ■ V)v\\p < C||n||i,p||w||i,p (5.1) 

for any u,v £ {W^'^{0,))^ , where C = C{p) is a positive constant, 
(ii) Let A; G Z, /c > 3/p. Then 

||P('u • V)v\\k^p < C\\u\\k,p\\v\\k+i,p (5.2) 
for any u G (W''''f{Q,))^, v G ([¥'^^^'^{0,))^ , where C = C{k,p) is a positive constant. 
Proof. It is |6i Lemma 3.3]. □ 
Lemma 5.2. (i) Let 3 < p < oo, 1 < q < oo. Then 

\\{u ■ V)uj\\g < C|[n||i,p||a;||i,g (5.3) 

for any u G {W^'P{^}))^, oj G {W^''^{Q)f', where C = C{p,q) is a positive constant, 
(ii) Let 3 < p < oo, 3 < (7 < oo, (7 < p, A; G Z, /c > 3/(/. Then 

||(n • V)uj\\k,q < C||n||fc^p||w||fe+i^g (5.4) 

for any u G {W^'P{Q))^, uj G (Ty'''+^''?(J7))^, where C = C{k,p,q) is a positive constant. 

Proof, (i) Let us notice that W^''^{Q) ^ C(0) from the Sobolev embedding theorem. 
Then we obtain that 

||(n • V)a;||g < C||-u||oo||t^||i,g 
< Clltilli^plltjlli^g. 

(ii) It is known in pLi Theorem 4.39] that W^''^{ft) is a Banach algebra for any A; G 
k > 3/q. Therefore, the conclusion follows immediately from the above fact and q < p. □ 

Lemma 5.3. (i) Let 3 < p < oo, 1 < r < oo. Then 

||(n.V)e||, <C||^x||i,p||e||i,, (5.5) 

for any u G (W^'^{n))'^ , 9 G W^'^'{^1), where C = C{p,r) is a positive constant, 
(ii) Let 3 < p < oo, 3 < r < oo, r < p. A; G Z, /c > 3/r. Then 

\\{U-V)9\\k,r < C\\u\\kje\\k+i,r (5.6) 
for any u G (T^'''P(^]))^ 9 G W''+^^''{n), where C = C{k,p,r) is a positive constant. 
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Proof. It is dni Lemma 5.2]. □ 
Lemma 5.4. (i) Let 3 < p < oo, 3 < q < oo, 1 < r < oo, 2r < p, 2r < q. Then 

\\^{u,V;UJ,Tp)\\r < C(l + ^r)(||n||l,p||l'||l,p + ||n||l,p||'0||l,g+||t'||l,p||a;||l,5+||tj||l,q||V'||l,g) (5.7) 

for any u,v € (VF^'^(fi))^, uj,Tp ^ where C = C{p,q,r) is a positive constant. 

(ii) Let 3 < p < oo, 3 < q < oo, 1 < r < oo, 2r < p, 2r < q, k & Z, k > 3/p, k > 3/q. 
Then 

\\^{u,V;UJ,'tp)\\k,r <C(1 + ^r)(||^^||fc+l,p||w||fc+l,p + ||^i||fe+l,p||V'l|fc+l,<? 

^ ^ ,|i X (5-8) 

+ \\V\\k+l,p\\^\\k+l,q + \\^\\k+l,q\\V\\k+l,q) 

for any u,v € 

(p^fc+i,P(f7))3^ uj,^ e {W''+^''^{n)f, where C = C{k,p,q,r) is a positive 

constant. 

Proof, (i) After applying the Schwarz inequahty to ||<I>(n,z;;a;,'(/')||r; we can obtain (5.7) 
by W^'P{^}) ^ VFi'2''(J7), W^''i{n) ^ T^i'2'-(J7). 

(ii) It can be easily seen from the Leibniz rule and the Schwarz inequality that 

\\^{u,V;UJ,1p)\\k,q <C(1 + fJ-r){\\u\\k+l,2r\\v\\k+l,2r + ||li||fc+l,2r || V'l|fc+l,2r 
+ ll^^l|A;+l,2r||w||fc+l,2r + ll"^ || fc+l,2r || V' l|fc+l,2r ) • 

Therefore, H^*=+i'P(f7) ^ VF'=+i>(J7), W^+'^''i{n) ^ W^+'^'^'^in) imply (5.8). □ 

Lemma 5.5. (i) Let 1 < p < oo, 1 < g < oo, p < q. Then 

llProtwIlp < C\\uj\\i^q (5.9) 

for any uj G {W^''^{^)Y, where C = C{p,q) is a positive constant, 
(ii) Let l<p<oo, l<(7<oo, p<g, /cSZ, A;>1. Then 

||Prota;|l,,p < C||a;|U.+i,, (5.10) 

for any u E (W^'^^''^{Q,))^ , where C = C{k,p,q) is a positive constant. 

Proof, (i) Since P is a bounded operator in (LP(il))^ and |[rota;||p < C||tj||i^p, it follows 
from W^^i{n) ^ W^'P{n) that we obtain (5.9). 

(ii) It is known in [6, Lemma 3.3] that P is a bounded operator not only in {LP{Q))^ 
but also in {W^'P{^}))^. Since ||rota;||A;^p < C||a;||A;+i^p, (5.10) follows immediately from 
W^+^''i{n) ^ H^'=+i'P(Jl). ' ' □ 

Lemma 5.6. (i) Let 1 < p < oo, 1 < q < oo, q < p. Then 

||rotn||, < C||n||i,p (5.11) 

for any u € (W^'P{Cl))^ , where C = C{p,q) is a positive constant, 
(ii) Let 1 < p < oo, 1 < q < oo, q < p, k ^ Z, k > 1. Then 

||rotn||fe,g < C\\u\\k+i,p (5.12) 

for any uj S (W''^^''^{fi))^ , where C = C{k,p,q) is a positive constant. 
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Proof, (i) Since ||rotn||g < C|[n||iq, it follows from W^''P{Q) W^''^{^) that we obtain 
(5.11). 

(ii) Since \\Totu\\k,q < C\\u\\k+i^q, (5.12) follows immediately from W^-^^'P{n) ^ W^+^^i{n). 

□ 

Lemma 5.7. (i) Let / G C°'^(M; M^) with the Lipschitz constant Lj, /(O) = 0, 3 < p < oo, 
3 < r < oo, r < p. Then 

\\Pf{e)\\p<CLf\\9\\i,r (5.13) 

for any 6 G W^'^'{Cl), where C = C{p,r) is a positive constant. 

(ii) Let / G C^-^K; M^) n Ci(R; M^) with the Lipschitz constant Lf, /(O) = 0, 3 < p < 
oo, 3 < r < oo, r < p. Then 

\\Pfm\l,P<C\\e\\2,r (5.14) 

for any 6 G M^^'^(O), where C = C{p,r) is a positive constant. 

Proof, (i) Since P is a bounded operator in (LP(il))^ and ||/(0)||p < Lj||6'|[p, it follows 
from T^i'^(J7) LP{'a) that we obtain (5.13). 

(ii) It is known in [6l Lemma 3.3] that P is a bounded operator not only in {LPiQ))^ but 
also in {W^^P{Vl)f. Since / G CO'i(M; M^) n C^K; M^) implies /' G ^(MiM^), |i/(0)||i,p < 
C\\e\\i^p. Therefore, (5.14) follows immediately from W'^^''{n) ^ W^'P{n). ' □ 

Lemma 5.8. (i) Let g G C°'^(IR;M^) with the Lipschitz constant Lg, g{0) = 0, 3 < g < oo, 
3 < r < oo, r < q. Then 

\\9m\c,<CLg\\eh^r (5.15) 

for any 6 G W^'^{Q), where C = C{q, r) is a positive constant. 

(h) Let g G C0'1(M;M3) p C1(M;M3) with the Lipschitz constant Lg, g{0) = 0, 3 < q < 
oo, 3 < r < oo, r < q. Then 

||5(^)l|l,<?<C^il^l|2,r- (5.16) 
for any 6 G W'^'^{^1), where C = C{q,r) is a positive constant. 

Proof (i) Since \\gi9)\\g < Lg\\9\\g, it follows from W^'''{n) ^ L'^{n) that we obtain (5.15). 

(ii) Since g G C70'i(R; RS) n ^^(M; M^) implies g' G Cb{R;M.^), \\g{9)\\i,q < C\\B\\i^q. 
Therefore, (5.16) follows immediately from W'^'''{n) ^ W^^^iQ). ' '□ 

5.2 Regularity of strong solutions 

It is essential for Corollary 2.1 that we prove the following lemmas: 

Lemma 5.9. Let f G C°'HIR;M3)^ /(q) = 0, g e C^''^{'R;M.^), g{0) = 0, p, q = p and r 
satisfy (2.38). Then 

F(n,u;,e)GC0'"((0,r];(IFi'P(J7))3), 

H{u,io,e) G C°'"^{{0,T];W^''-{n)) 
for any 0<a;<l, 0</3<l, 0<7<1. 



38 



Proof. It follows immediately from Theorem 2.3 (ii), Lemmas 5.1-5.8 (ii) with k = 1. □ 

Lemma 5.10. Let f G C0'1(M;M3)^ /(q) = 0, g £ C'^'\R;R^), g(0) = 0, p, q = p and r 
satisfy (2.38). Then 

oj e C^'^{{0,T];{W^'P{n)f), 
^GC°'^((0,r];W3''^(J^)) 
for anyO<a< 1/2, 0< P < 1/2, < 7 < 1/2. 

Proof It is clear from (2.10)-(2.12) that ^ {W^'P{n)f, y V2 ^ (W^i.P(i7))3, ^ 
By applying Theorem 2.3 (ii) with a = 1/2, P = 1/2, 7 = 1/2 to {dtu,dtOJ,dte), 
the conclusion follows immediately from Lemma 5.9, u = A~^{F{u,co,9) — dfu), 00 = 
T-^{G{u,oo,e) -dtuj), = B-^{H{u,uj,e)-dte). □ 

Lemma 5.11. Let f G C°'i(M; M^) n Ci(R; M^), /(O) = 0, g e C°'^{R;R^) n C^{R;M.^), 
g{0) = 0, p, q = p and r satisfy (2.38). Then 

dtF{u,co,e)eC^'^{{Q,T];LJPin)), 

dtGiu,u;,e)GC^'H(0,T];{LP{n)f), 
dtH{u,co,0) G C°'^((0,T];L''(J7)) 

for any < a < min{l — ai, 1 — /3i, 1 — 71}, < $ < min{l — 02, 1 — ^2,1 — 72}, 
< 7 < min{l - as,!- ^3, 1-73}- 

Proof. It follows immediately from Theorem 2.3 (ii) with a = cci, 02,0:3, /3 = (52,(33, 
= 71,12,73, Lemmas 5.1-5.8 (i). □ 

Lemma 5.12. Let f G C°'i(M;M-'^) n C1(M;]R3)^ /(q) = 0, g e C^'^{R;R^) n C^(M;M3), 
g{0) = 0, p, q = p and r satisfy (2.38). Then 

dtu G C°'"((0,r];Xi), dfu G C°'"((0,r];X"), 

dtuj G C°''^((0,r];yi), d'^u; G C''^{{0,T];Y^), 

dtO G C°'^((0,r];Zi), G C°'^((0, T]; Z^) 

/or any < a < min{l — qi, 1 — /3i, 1 — 71}, < /3 < min{l — a2, 1 — (32,1 — 72}, 
< 7 < min{l — 03, 1 — (33,1 — 73], < a < min{l — ai, 1 — /3i, 1 — 71}, < /3 < min{l — 
ot2, 1-/02, 1-72}; < 7 < min{l-a3, 1-/^3, 1-73}, < a < min{l-ai, l-/3i, l-7i}-a, 
< /3 < min{l - 02, 1 - ,02, 1 - 72} — (3, Q <7 < min{l — q;3, 1 - (33, 1 - 73} — 7. 
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Proof. Lemma 5.11 admits that we differentiate (I) with respect to t and obtain the 
following abstract integral equations: 



for any < r < t < T. Therefore, the conclusion follows immediately from Lemmas 4.2 



It follows from the Sobolev embedding theorem that W''+^'P{n) ^ C^'"(l^), W^+^'P{^}) 
^ C^^^m, W'^+^'^'in) ^ C'^'^m for any fc E Z, fe > 0, < a < 1-3/p, < /? < 1-3/p, 
< 7 < 1 — 3/r. Therefore, Lemmas 5.10 and 5.12 yield Corollary 2.1. 
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